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as a parabola, which bends to the left. Accuracy is main—

tam ed by monitoring the oscillation of the integrand. A
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ABSTRACT

Inversion of Laplace transforms has been accomplished

by a numerical integration along appropriate paths in the

complex plane . Two general procedures have been used.

The simpler and more economical employs a simple path, such

as a parabola , which bends to the left. Accuracy is main—

tam ed by monitoring the oscillation of the integrand. A

second method employs a steepest descent contour.
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I • INTRODUCT ION

If F(t) is an integrable function of the real variable

t, the function f ( s )  defined by the integral

f(s) 
=f 

e 5t F(t)dt (1)

is called the Laplace transformation , or the Laplace trans-

f orm , of F(t) and is frequently indicated by the notation

f(s) =~~ [F(t)] (2)

The Laplace transformation is a linear integral trans—

formation which is widely used in applied mathematics and

technology. A typical application is as follows. An un-

known function F(t) satisfies a certain differential equa—

tion and specified end conditions. Employing theorems

applicable to the Laplace transform , a function f(s) is

determined as the solution of an algebraic equation which

corresponds, in an appropriate fashion , to the differential

equation and end conditions of F(t). Then the problem is

reduced to the following task: having established f(s),

it is necessary to determine the function F(t) for which

f ( s )  .~~~( F ( t ) ] .

-55.____ ’_
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This problem is called finding the inverse (Laplace)

transform of the funct ion f ( s ) .  This is customarily

written as

F(t) =~~~~ [f(s)J (3)

It may be shown that the following inversion integral

F(t) = ~~~ 
/ 

eSt f(s)ds (4)

accomplishes the desired inversion. In this expression

S is the complex variable

S = x + jy (5)

and the integration is along a suitable path in the complex

s—plane.

If in fact there is a function F(t) such that the given

f(s) =t(F(t)], then the function determined by equation

(4) Is, indeed, the function F(t). The result is unique

in the following sense. If

f(s) 
=f 

e~~~
t F1(t)dt (6)

and

F2(t) — 

~~~ / 
eSt f ( s)ds (7)

9
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L
then F1(t) and F2(t) differ only on a set of Lebesgue

measure zero.

In this thesis numerical methods will be utilized to
5 perform the integration of equation (4) and functions for

which the inversion is successful will correspond to

functions F(t) which are at least piecewise continuous ,

having only isolated discontinuities , if any are present

at all. If F(t) is discontinuous for t = a, then the
recovered function satisfies the condition -

F(a) = Lim[F(a+e) + F(a—c)] (8)

The path of integration, indicated by C in equation

(4) is frequently described as an infinitely long, vertical

straight line x = constant , to the right of any singulari-

ties of f(s). (A theorem of complex variables shows that

f(s) is analytic in its region of convergence , a right—hand

plan!e, except for isolated singularities.) This straight

vertical contour is frequently called the Bromwich contour.

Usually inversion of a Laplace transform, that is find—

ing F(t) =~~~~ (f(s)], is accomplished by use of a table of

transform pairs . One of the most complete of these is that

of Roberts and Kaufman [14]. Other such tables are listed

as references [5], [6], (7], and [13].

Several theorems concerning the Laplace transform extend

the usefulness of such transformation pair tables. For

example

10 
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I
~~~~ [f1(s) + f2(s)J =~~~~ [f1(s)] +~~~~[f2(s)]

(9)

• However, it is not an infrequent occurrence that one is

called upon to find F(t) in a case where the tables and

the theorems are of no direct help. There has developed

a considerable literature concerning this problem.

One obvious method is to attempt to expand the given

f(s) as a series of functions- fi(s)for which the inverses

are known . Then using the linear property indicated in

equation (9), the result may be expressed as

~~~~~[f(s)] =~~~~ [Za 1f1(s)] = Ea~~.~~[f 1(s)] (10)

The integration indicated in equation (4) can also be

performed by various analytical and approximate methods.

In particular, one can perform the integration along the

Bro~~ich contour by a numerical procedure. Much of the

literature is devoted to such methods.

In general these methods amount to the following. A

finite number of points along the Bromwich contour are

S determined according to some law and the integrand is

evaluated at such points. There are associated weight fac-

• tors and the integral is approximated as a sum of products

of integrand values times weight factors. One of the most

• widely used of such methods is described by Salzer [15],

(181, and (17] . Other procedures of the type are treated

in [18], [20], (2] , [8], [9], [10], and [21].

5 - -  -5—-— ‘- 5- ‘--5- - ~~~~~~~~ - — -- -5 —5- - - - -- ~~~~~~~~~~~~~~~~~ -- -5-55- 5 5 - - 5~~~ ’~~~-55~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5- - --.- ~~~~~~--
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It is interesting to note .hat the same classical poly—

nomials which are useful In the expansions indicated by

9 equation (10) are also encountered in locating points for

evaluation using a numerical integration scheme so that

Ill the final algorithm may be the same even though the original

motivation was quite different.

Other methods which do not fall clearly into the

classes of methods discussed above have been presented by

Widder (221 , and Bellman , Kalaba, and Lockett [31 .
These approximate methods have not always been success-

ful. Hiep [12] employed Saizer ’s method for numerical in—

version on a problem of heat transfer in porous media and

found it difficult to obtain results which did not exhibit

physically incorrect behavior , e.g., in the vicinity of a

point of engineering interest , the temperature of the

medium fell below sink temperature and rose above source

temperature. In similar work on a conjugated heat transfer

problem Zargary [23] encountered the same difficulty, and,

after devoting considerable time and attention to the prob-

lem, was forced to abandon the use of numerical inversion.

To overcome such difficulties in problems of these

kinds, we have reverted to direct numerical integration of

equation (4) along appropriate contours in the s—plane.

Our procedures , which appear thus f ar to be efficient and

reliable , are described in what follows.

.1

12
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_ _ _ _II. DISTORTED CONTOURS

We have found that great advantage accrues from distort-

ing the Bromwich contour in ways which will subsequently

be described.

According to theorems concerning analytic functions of

a complex variable, the Bromwich contour can be distorted

arbitrarily as long as the process of distortion does not

cause the contour C to cross over a singularity of f(s) and

as long as the two ends of C extend to in f in i ty  in a manner
• which preserves the convergence of the integral in equation

(4).

Thus , with the supposition that f ( s )  is analytic, with

the exception of isolated singularities, and is real valued

for real s, let g(s) represent the integrand

g(s ) = e5t f(s) = u(s) + iv(s)  (11)

where u ( s )  and v(-s) are the real and imaginary harmonic

components of g(s). Furthermore, assume that the contour C

* **consists of the two syninetrical parts C and C as shown

in Figure 1. Consideration of the contributions to~ ..~~ [f(s)]

over arcs ds1 on C* and ds2 on C~~ yields the following:

~~2 ~~ d,C1
dy2 — dy 1 (12)
u2 — u 1
V2

• - - _  - —--—--5-—- ~~~~~~ __-5__~~~~~~~~~~~~ _ S.5.. .± .~ - -~~~~~~~~~~~~-~~~~~~~~~~~~.5-S.-—--~~~~~~ --- -- ~~~~~~~~~~~-•- S-— 5--
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FIGURE 1. Distorted Bromwich Contour. Contour i~distorted into C~ and its reflection C ~~ .

Thus ,

+ g2ds2 ] = ~ [v 1dx1 + u1dy1] (13)

and, therefore,

F(t) = 
~ 

f [vdx + udy ] (14)

Equation (14) is, of course , further simplified if C*

is selected to be a path along which v—O. Additional

fl theoretical reasons exist for such a selection . Such a path

will subsequently be referred to as a path of steepest

descent . Numerical integration along such a path , or a

close facsimile thereof , was done by Esch (11 )  in 1957 and

Carrier , Krook , and Pearson (4] recommended fur ther

— ~~~~~~~~~~~~~~~~~~~~~~~~ - 5 - 5  .- _~~~~~~.5_ 5— ---5 ~~~~~~~~~~~~~~~~~ ——---~~~ - - - — -5-— -— -
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exploration of this procedure . However , no further such in—

vestigation seems to have been done until the present thesis.

H In Chapter V , a description of an algorithm for performing

numerical integration along a path C~, for which v=0 over

a substantial portion of its range, will be presented.

Almost by accidental discovery , the present work has

revealed that it is computationally more efficient simply

*to make an arbitrary choice for the contour C which satis-

fies the following criteria:

(1) C~ is a smooth continuous curve of the form

s(p) = x (p )  + iy(p) (15)

where p is a real parameter 0 < p < ~~~~.

( 2 ) C~ lies to the right of all singularities of f ( s ) .

(3) C~ does not extend suff ic ient ly  far to the right

to cause computational diff icul t ies  due to the

factor e5t.

(4) C* approaches infinity in such a way that x

H approaches —~~ and y approaches ~~~~.

(5) Oscillation of the integrand is not excessive.

(Otherwise there may be loss of accuracy due to

the sampling rate of the integration algorithm

seriously mismatching variations in the integrand

• and/or positive and negative contributions nearly

cancelling each other.)
- - Such a contour will be referred to as a simple parameterized

contour. Discussion of how to assure satisfying criteria

I — —- —- — .— • —- -~~~~~~~ ,5—-5 - - -5—-—— —.— ~~—. ~~~~~~~~~~~~ — — —— -_
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( 2 ) ,  (3 ) ,  and (5) will be deferred until after the develop—

ment of the actual algorithm.

The integral shown in equation (14) is approximated by

the simple trapezoidal sum

M
F(t) 

~~~ 
{[v(sk)+v(sk+l

)] [xk+l — Xk ]

+ [u(sk )+u( sk+l )l (yk+l
_ Yk H (16)

where

= x,~ + iYk x(p k )+ 
~~~~~~ 

(17)

- 

The arbitrarily chosen functions x(p) and y(p) are monotoni—

cally increasing and p1. p2 , . . . ,  p~ is an increasing

sequence .

A very simple example , but one which has been employed

very successfully, is given by the following equations

x — A - B p 2

y = p  (18)

p = 0 , , 2~ , . . .
The real number A is selected so as to satisfy criteria (2)

and (3) above . The real number B has , usually, been

assigned a value of one .

The sum includes only a finite number of terms. It is

necessary to provide an appropriate criterion for terminat—

ing the process of sunmrnt ion. This will be discussed later.
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In order to monitor the possibility of inaccurate

evaluations resulting from oscillations, in addition to the

sum F(t) given by equation (16), the sum G ( t )  given by

M
G(t) ~~ ~~~ 

{(v (sk+l)_v(sk)] [xk+l
_x
k]

k 1

+ ~~~~~~~~~~~~~~~~~~~~~~~~ (19)

is also obtained. This is the sum of the absolute values

of the addends to the sum (16). Additionally , the number

of times successive addends are of opposite signs is

recorded.

The present numerical experiments, to be described

later , were generally so successful that the effect of

oscillat ion could not be seen. However , in some cases

where poor con tours C* were deliberately chosen, it was

found that inaccurate results were obtained if G(t) was

many orders of magnitude (e.g., 106) times as great as F(t).

~
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I I I .  THE COMPUTER PROGRAM AND
ITS PR INCIPAL SUBROUTINES

Previous discussion proposed two alternatives in terms

of advantageous distortion of the Bromwlch contour upon

which to perform the numerical integration of equation (16).

The simple parameterized curve has been experimentally found

to be the more efficient  of the two methods and its algo-

rithm will be developed at this time . The steepest descent

procedure will be treated in Chapter V.

The computer program and subprograms which implement

the simple procedure developed In the preceding chapter are

all written in the FORTRAN language, using double precision

arithmetic. They have been tested and debugged on an IBM

• 360/67. For machines having a larger mantissa , single pre-

cision arithmetic might prove to be satisfactory .

SUBROUTINE VALUE is a user supplied routine which iznple—

ments computation of the g(s) given by equation (11) for the

desired transform f (s) .  This subroutine calculates the u ( s )

and v(s) corresponding to a given x and y.

Either complex or real arithmetic may be utilized in this

program , although complex arithmetic offers a decided advan—

tage in convenience and simplicity. However , the user

should be aware of the potential dangers in unintentional

exchange of sheets of a Riemann surface when Investigating

a multi—valued function. More will be said about this later.

-5- —5- —~~~~~- - 5 - -  - — - --5- ~~~~~~~~~~~~~~~ •~~~~~~S.~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ S _
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Also , although FORTRAN manuals state or imply that the

FUNCTIONS DREAL and DIMAG are implemented in all compilers ,

this may not actually be the case. Accordingly it is prudent

to add the following statements af ter  SUBROUT INE VALUE . 
-

•

FUNCTION DREAL(CPLX)
REAL*8 CPLX (2)
DREAL = CPLX(l)
RETURN
END
FUNCTION DIMAG(CPLX)
REAL*S CPLX(2)
DIMA G = CPLX(2)
RETURN
END

SUBROUTINE CURVE is also a user supplied routine which

calculates the x and y values for each consecutive incrementa—

tion of the parameter p of equation (17), thus locating a

point on the simple parameterized contour. Equation (18)

provides an illustrative and highly effective example of

parabolic form which has been employed almost exclusively
• during this investigative work .

SUBROUTINE INCREP formulates the increasing sequence of

the parameter p as given by the following equation

p = p + ~~ (20)

Limited analysis with other than equally spaced incrementa—

tion of points along the contour of integration did not ex—

hibit any enhancing capabilities and was not continued.

• The main program accomplishes the integration of equation

(14) using a trapezoidal summat ion as described by equation

( 16) . In addition , the absolute value of the integrand is

19
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summed in accordance with equation (19). Also , the number

of times a sign changes occurs between successive evaluations

of the addend of equation (16) is recorded. These features

afford the user an opportunity to monitor potential oscilla—

tion effects upon the accuracy of the results. Clock time

and the number of cal ls to SUBROUTINE VALUE required for

performing the numerical contour integration are maintained

as measures of the computational efficiency of the numerical

• inversion procedure.

Termination of numerical integration occurs when each
• of N successive evaluations of the addend of equation (19)

has magnitude less than a specified epsilon. We have usua lly

used N = 5. This is a very stringent requirement and could

probably be relaxed resulting in some saving of computational

time and with but minor loss of accuracy.

In addition to the termination criterion described in

the previous paragraph , other program inputs include the

incremen t ~ of equation (18), appropriate numerical values

of any constants of the function f(s), the starting position

A of equation (18) and the value of t.

The program output prints the starting position of the

integration contour , the values given by equat ions (16 ) and

( 19), the final values of x and y at the termination of inte—

gration , the number of changes of sign between successive

addends in equation (16), the total number of calls made to
• SUBROUTINE VALUE during the process, and the clock time re-

quired for ~iumerical integration.

L_____
_ _  
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As an illustration consider the following example where

f(s) — 2 2 (21)
S +~~~

A suitable form f  or SUBROUT INE VALUE is as follows :

SUBROUTINE VALUE (X , Y , T , AL , U , V , MMMMM)
C THIS IS TABLE ENTRY NUMBER 09 OF LAPLACE TRANSFORMS BY SPIEGEL

IMPLICIT REAL*8 (A ,B,D-H,O—Z)
IMPLICIT COMPLEX*16 (C)
VM?IMM = M V M M M + l
ZERO—O . D+0
CS-DCMPLX(X ,Y) N ~ Th(‘AT TI(’UDTV(AT 7t’Pfl \ ( ote . e parameter ct 5

~~~~~~ &UL £~ s . f l  j

CT-DCMPLX~T ZF RO.
‘ , -J

CDEN=CS**2+CAL**2
C C S  /CDEN
CEXP ScDEXP ( CS*CT )
C=C*CEXP
U—DREAL (C)
V-DIMAG(C)
RETURN
END

If the contour indicated by equation (18) were chosen and

numerical inversion were performed upon the f(s) given by

equation (21) for the case where A = 0.3 , ~ = 0.1, ~ = 0.125,

N = 5 and ~ = l.D—ll , the evaluation of F(271) would yield the

following output

AA F ( 21i ) G ( 2~r )  I X~ ~ F LOSC IVIMMMM

0.3 7.O7l07D—l l.32635D+O —5.46 2.4 4 25

where AA , LOSC , and MMMMM are the FORTRAN pro gram names for

the contour starting position , the number of sign changes

between successive addends , and the total number of calls

f . made to SUBROUTINE VALUE , respectively. Similar results

for the almost 100 functions f(s) tested during the course

of this research are listed in Appendix B.

L_
_ __ __ _  
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IV. AUXILIARY SUBROUTINES

Chapter I I I  br ief ly mentioned the potential dangers in—

herent in the utilization of complex arithmetic within SUB-

ROUTINE VALUE when the function f(s) is multi-valued.

If f(s) has branch points or winding points it is impor-

tant to assure that one remains on the same branch of the

function as one proceeds along the path of integration.

Available FORTRAN operations do not assure this and it is

necessary to employ specially programmed algorithms. The

present discussion is limited to the two simple cases, rais-

ing of a complex number to a non—integer power and taking

the logarithm of a complex number.

The essence of the matter lies in the FORTRAN operation

DATAN2(y,x), or its equivalents, which must be relied upon

• - to provide the argument of a complex number in polar form.

This operation always provides a result in the range

—,r < e < 7T , so that if Arg ( Z )  actually passes through the

values (2n+l)ir , for integer n , the FORTRAN produced value

of Arg(z) experiences a j ump of ± 2ir . If one is determining

the logarithm of z or a non—integer power of z, shifting of

branch will take place unless the continuity of Arg(z) Is

restored.

SUBROUTINES CPOWER and CLOG provide for this cont inuity

by monitoring changes in Arg(z) and adding or subtracting

2nrr , whenever it is appropriate to do so, to the value of 

_p ~~~~~~~~~~~~~ - __ - ——-~~~~ 
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DATAN2(y,x). As they are presenting written , each provides

for up to five separate calls, within SUBROUTINE VALUE, to

either SUBROUTINE CPOWER or SUBROUTINE CLOG.

These subroutines are listed below,

SUBROUTINE CPOWER (ZIN,ZDJT,P,J,NCAL LI
1 MPLIZIT RE AL*8 (A—H ,O—Z~COMPLEX*16 ZIN, ZOUT
DIMENSICN TOLD(S), NCALL (5), Piøj (5)
IF(~1CALL (J).EQ..L) !9P1(J)=0OH = 0.0+0
X = DREAL (ZIN )
Y = DIMAG (ZIPI)
R = DSQRTUX*x ) + (y*y ))
TR093 = DATANZ(Y X)
IF (NCALL (J).EO.lJ GO TO 5
PROD = ~RONG*TOLD (J)IF(PPO~ .GT.OH.OR.x.GT.OH) GO TO 5IF (rDONG.LT .OH) N PI (J) = NPI (J) + 2
IF (TRONG.G .OHI N PI (JI = NPI(J ) — 2

5 RP =
EN = MPH.) )
TRITE = ‘RONG + (EN*3.141592653589793240+0)

X = RP*CCOS (?P)
V RP*DSIN (TP)
ZOUT = DCMPLX (X,Y)
‘CLD (J) = TRONG
NCALL(J) = NCALL.(J1 + 1
R ETU~~I
E F~D

SUBROUT INE CLOG (ZIN, Z)UT, .1, MCALL )
I MPLICIT RE AL*8 (A—H,O—ZJ
CO M)LEX*16 ZIN, lOUT
D1MEM~ 10N ‘0L0(5), MCALL (5), N O I (5 )
IF (MCALL (J).EQ.i) NPI (J) = 0

2 0.0+0
X = DREALIZIN )
Y = DIMAG (ZIN )

DSORT ((X*X i + (Y*Y))
ThONG DAT AN2(Y,X1
IF (M~~ LL (J).EQ.L) GO TO 5PROD TRONG*TOLD (J )
IF (PROD.GT OH.OR.X.GT.Oh1 GO TO 5
IF (TRONG.Lf.OH ) NPI (JI • NPI (J) + 2
IF (TRONG.G’.OH) ‘IPI(J) NPI (J) — 2

5 REAL = DLOG (R)
E M ~1Pj(J )TRITE = ~R3NG + (EN*3.14159265358979324D+O)
ZOUT DCMPLX (REAL ,TRI~~E)TOLO (J) TRONG
MCALL (J) ‘4CALL (J) + I
RETURNEND

- - -- - -5.5-5_-5_5_.5_5__~~~~-5___ _ .5_
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If either algorithm is to be utilized by SUBROUTINE VALUE,

the first  requirement is to zero the applicable integer

array, NCALL or MCALL , within the main program. Then, in

SUBROUTINE VALUE , the calls to SUBROUTINE CPOWER are of

the form

CALL CPOWER(ZIN,ZOUT ,P,J,NCALL)

where ZIN is the COMPLEX*16 operand , ZOUT is the COMPLEX*16

output, P is the REAL*8 power, and J is the INTEGER*4 index

which tells whether this is the first , secon d,..., call to

SUBROUTINE CPOWER within SUBROUTINE VALUE. The relationship

obtained is

ZOUT = (ZIN) r’ ( 22)

SUBROUTINE CLOG is used similarly. Calls made from SUBROUTINE

VALUE are of the form

CALL CLOG(ZIN, ZOUT , J,MCALL)

where

ZOUT = Ln(ZIN) (23)

J plays the same role as in SUBROUTINE CPOWER. There is no

P. It should be noted that the array MCALL replaces NCALL.

24
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V. THE STEEPEST DESCENT CONTOUR

The theoretical advantages of a steepest descent contour

have been mentioned previously . Consider a contour in the

complex plane along which v=constant. As shown in Figure

2, let the ~ axis be tangent to the contour with the r~ axis

perpendicular to the ~ axis in the same sense that y is perpen-

dicular to x.
• i  I
i i

Figure 2. Steepest Descent Contour. Contour along
which v is constant. Axis ~ is tangent at
point P. Axis n is normal.

Recall equation (11),

g(s) = e5t f(s) = u(s) + iv(s) (11)

By the Cauchy—Riemann relationships

• r . au 3v . 3v 3u ( 24)

Along a v — cons tant con tour

~~~~~~~ 
.~~~~~i ’ Q  (25)

- 
- 25
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Such a v = c = constant contour divides the plane, locally
at least, into two regions: R1 with v > c and R2 with v < c.

Consequently along such a contour .
~~~~ is one signed , and,

therefore , .~~~~ is one signed. u -
~~ 0 along the v = c contour,

in the direction of positive ~~~~. Therefore , there is no

oscillation in u and, obviously also, there is none in v.

Since u -
~~ 0 and v -

~~ 0 along a suitable integration contour,

the selection of c — 0 assures that this results.

This second program to be discussed does partially follow

a path of steepest descent . First it integrates vertically

upward from a chosen point on the real axis (along a Bromwich

contour) until intersection with a specified v = 0 contour

occurs. Then it employs a tracking algorithm to obtain suc-

cessive points on this contour along which it then integrates,

moving to the lef t .

• j SUBROUTINE VALUE has the same role as that described in

Chapter III , namely, it calculates the u(s) and v(s) in

accordance with equation (11) corresponding to a given x and
- ;- y. For the initial part of the algorithm , the integration

along the Bromwich contour, the value of x is constant , and

y is increased in increments by i~y. Numerical integration

in accordance with equation (16) is conducted just as it was

done in the previous case .

On the real axis , obviously,  v = 0. With an initial

incrementation in the vertical direction , v assumes a va lue

other than zero . The sign of v is recorded and the incrementa—

tion process is continued until the sign of v changes. This

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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constitutes a contour crossing. The procedure continues

until a predetermined number of such cross ings are obtained,

and then a simple linear interpolation is performed to locate

the specific ordinate value y for which v = 0. Usually one

‘I ii - might wish to use the first  v = 0 con tour above the real

axis , but the second , third , or other such contour may be

selected.

The last (y~ ,v~) values prior to the desired contour

crossing and the f irst  (Y
j~~V

j
) values af ter  crossing are

utilized in the linear interpolation process to predict YNEW,

for which v = 0. SUBROUT INE VALUE provides the actual VNEW

value corresponding to YNEW. Depending upon the sign of

VNEW , the appropriate coordinate pair (y1,v1) or (yj,vj) is

replaced by ( YNE W ,VNEW ) and the interpolation is repeated

4 - 
with this refinement . Termination of the interpolation occurs

: 1 when YNEW results in a magnitude of VNEW which is less in

magnitude than a prescribed tolerance limit.

Once the values of x ,y , u , and v have been established

for the first point on the desired v = 0 contour in the pre—

vious process , the second , or tracking portion of the

algorithm commences.

SUBROUTINE XMARCH Is called to provide a new coordinate

pair (x ,y) in the negative sense of the real axis from the

known , or old , coordinate pair (x 0 ,y 0) .  This is accomplished

by the following relationships

x — x 0 — R c o s ( 6 )  (26 )

y~~~y0 -s-Rsin( 6) (27)

i—S_I ~~~~~~~~~~~~~~~~ - . _  ..~~~~ - — - - - -.5—-.-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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where (R,O) are the polar coordinates of a search pattern

measure d from the known coor dinates (x 0,y0) on the v = 0

contour . The angle e is set at zero radians for the first
- 

call to SUBROUTINE XMARCH . SUBROUTINE VALUE is then called

to prov ide the value of v at this point . The sign of v

establishes upon which side of the v = 0 contour the new point

lies.

SUBROUTINE ROTATE is then called to increment the angle

theta in an appropriate sense . A sweeping search is then

conduc ted by SUBROUTINES ROTATE , XMARCH , AND VALUE until

a sign change is detected for v values between increments,

t hus , indicating a crossing of the v = 0 contour .

• The last (01,v1) coordinate pair prior to a crossing and

the first (O~~v~) coordinate pair after a crossing are

utilized in a linear interpolation scheme, analogous to that

of the first program segment , to refine the location of the

new point on the v = 0 contour.

Once the second point on the v = 0 contour is established ,

the tracking algorithm may be enhanced by predicting the

third point on the contour to lie at the same angle e from

the second point. As before, the sign of v at this new loca-

tion permits a rotational search to be conducted in the

appropriate sense. For small values of the radius vector

-

~~ 
R (R— .025 is built into the program , but may be changed by the

user), this approximation has been found , in general , to be a

reasonable one .

The addends of equations (16) and 19) are evaluated at

each step in the marching process within the main program

.5— - -.5—-—— - - .5  —.5-— — ——-—.5-- 5— -- _ _ _ _  • - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — — - _ _~8 _ . ~~ ~~~~~~~~~~~~~~~~ _— - —_ _  - ~~— - — — —  —-———-——— ——~~~— -.5-—
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and , once again , termination of the numerical integration

occurs when each of N successive addend contributions is

less, than a prescribed epsilon .

Required inputs to the main program are the index sped —

f ying the desired v = 0 con tour , the starting position on

the real axis , the increment of the vertical march along the

Bromwich con tour , the termination criterion , any cons tants

associated with the function f ( s ) ,  and the value of t. These

inputs are represented by the program variables NREG, AA ,

DELY , EPS, (AL , BE , . . .) ,  and T , respectively.

The simple parameterized contour offers one decided ad—

vantage over the steepest descent contour: each call made to

SUBROUT INE VALUE is produc tive , in the former case , in the

sense that it is utilized to compute a contribution of the

addend of equation (16). The latter algorithm requires calls

to SUBROUT INE VALUE to perform the linear interpolation pro-

cedures , which are non—productive in terms of addend computa—

tion . This represents increased computer time . The present

investigation has shown that in each of the numerous cases

H 
which have been examined , the simple parabolic path indicated

by equation (18) is more efficient and fu l ly  as accurate as

a steepest descent contour .

lhi
~
Il_&.__J —_5-~~
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VI. SHANKS’ ACCELERATOR

The effectiveness of a family of non—linear sequence to

sequence transformations in accelerating the convergence of

( some ) slowly convergent sequences and in inducing conver-

gence in (some ) divergent sequences has been reported by

Shanks [19]. I f {A~ } (n=O , l , 2 , . . .)  is a sequence of numbers ,

~ I we form a sequence of sequences {A
k n } which, for conven ience ,

4 
we wr ite as ~A(k,n)}. The integer k indicates the “or der ”

of the sequence , with A~ = A(O ,n); the integer n indicates

the position of the term in the sequence . The rule for form-

ing the sequence {A(k+ l ,n ) }  from the sequence {A(k , n )}  is

A(i , j)  = 0 if j  < 21

A(k+l ,n )  = 
A(k , n ) A ( k ,n—2 ) — A(k n—l)2 (28)
A(k , n) +A(k , n —2 )—2A ( k , n—l )

n—2k+ 3,2k+4 , . . . .

To illustrate the power of this computational device con—

sider the application of equation (28) and its iterates to

the f i rs t  ten terms of the alternating series

L n ( 2 ) = l — ~~~ +~~~ —~~~ + ... ( 29)

The results are

- _ •~~~~~~~ _ - 5 _ . 5
.
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n A(0,n) A(l,n) A(2,n) A(3,n) A(4,n)

~~~~4 C ~833333333 3.690-, 7o1905 0.0 • 0

13 ~t~WJ%~ 
O
0

:6J 33% 0
473jd97 11115111thJ11 ~~~~ • z ; ~ata

where the tenth partial sum , A(O ,10),  is correct to only one

significant figure. However , iterate A(4 , l0) is correct to

eight figures since Ln(2) = 0.6931471806.

In this thesis research , Shanks ’ accelerator has been

tested extensively in conjunction with the simple parameter—

ized contours of integration discussed in Chapters II and

H I I I .

Modification of the basic algorithm of Chapter III con— 3-

sisted of the elimination from the main program of the ter-

mination criterion for the numerical integration given by

equation (16), and , instead , performing the integration for

a finite number of terms . These addends of equation (16 )

were stored in a linear array and , subsequently, transformed,

within the main program in accordance with equation (28).

The accelerator did not enhance the rate of convergence

of the numerical inversion process for any of the cases

investigated. In fact , if the number of t erms of A~ , which

are transformed , becomes suff iciently large so that the

sunination of the addend contributions of equation (16 )

approaches the correct result , the transformation will

_ _ _  _ _  _ _ _ _



decrease the accuracy of the result as the denominator of

equation (28) becomes small.

Appendix A contains the program listing for the simple

parameterized contour of integration in conjunction with

Shanks ’ accelerator .

Shanks [19] discusses transformat ions of higher order.

These transformations may be worthy of investigation. 
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VII . LOCATION OF FUNCT ION SINGULAR ITIE S

The criteria of Chapter II for the distortion of the

Bromwjch contour include the requirement that all of the

siligularities of a function f ( s )  be to the left of the con— 3

tour. Heretofore , the discussion has assumed that the loca—

t ion of these singularities was known . Indeed , this is not ,

In fact , always the case. In this chapter we investigate a

method of determining the location of the singularities of

f ( s )  when such information is either not known or is diffi—

cult to obtain analytically.

To see how one can proceed without knowing where the

singularities are , consider the simple case

f ( s )  2 2 (30 )
S + a

P for the particular values of a 0. 125 and t = 2 f f .  
—

We use a simple parabolic contour given by equation (18)

with B—i and with A , which we denote by the symbol x0 in the

discussion to emphasize its actual significance , being given

Various values. If we plot the result of the inversion

versus the starting position x0, the result is as shown in

Figure 3.

For values of x0 less than zero , the result is 0. 00.

For x0 in the range f rom about 0. 2 to 2.0 , the result is

0.707107. For x0 larger than about 2. 0 , the result is near

33 
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0.7 but is sensitive to the precise value of x0. For x0 in

the range from 0.0 to 0.2, the result exhibits a “spike”

-
~~ and a very significant change from 0 .0 to 0.707107. —

L.0

Xe “ 2
’

Figure 3. F ( t )  vs contour starting position for
cos(at).  Value of inverse of s
for t = 2ir as a function ~2÷( 125)2of starting abscissa x0.

We can explain tnls behavior as follows. For x0 less

than zero , the singularities are on the wrong side of the

contour and we simply get the wrong answer. For x0 in the

neighborhood of 0.0 to 0.2, the con tour passes so close to

the singularity that the trapezoidal integration scheme is

not accurate and experiences difficulty in getting an

accurate value either for the right answer, 0.707107 or for

the wrong answer 0.0. For x0 in the range from 0.2 to 2.0

the singularities are on the correct side of the contour and

34
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we get the correct answer. For x0 larger than 2. 0 , there are

numerical difficulties, probably due to oscillation or to

the effects of the exp(st ) factor for s having large real

part .

We have done the same thing with many other transforms

and have found the same behavior. Our experience leads to

- this suggestion for cases where the user does not know the

location of the singularities. Perform -the calculation for

a number of different values of x0 and plot the results as

In Figure 3. The correct result is the ordinate of the

rightmost plateau , before oscillations or other numerical

diff icul t ies  have had a chance to introduce inaccuracies.

In the case illustrated in Figure 3, there were only two

plateaus , one corresponding to all the singularities lying

on the wrong side of the contour and one corresponding to

all the singularities lying on the correct side of the con—

tour . However , with more singularities, one might expect

to have several plateaus, only the rightmost of which repre—

sents the correct result.

i H
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VIII. THE HYPERBOLIC TANGENT

In Chapter II it was stated that great advantage accrues

from distorting the Bromwich contour as long as the process

of distor tion does not cause the contour to cross over a

singularity of f( s ) .  In this chapter we investigate a typi—

cal case in which it Is impossible to satisfy this condition.

The func t ion

f(s) = ~ tanh(~~ ) (31)

has an infinite sequence of simple poles on the imaginary

axis at points s = ±(2n+l)2L . By other methods it may be

shown that this function is the transform of the square wave

function shown in Figure 4. In this chapter we investigate

the extent to which our present methodology is capable of

-
~~ obtaining this square wave.

1~t)

1-
I S S I
A g
I. it. iS. 4. 5
I S I I I

- . 
S S I

Figure 4. Square wave function.

The conver gence of the numer ica l integration has been

assured by bending the contour to the left in all other cases

- 
36 
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reported in this thesis. Accordingly, we do so in the pres—

ent instance. This implies that we must pass between two

poles as the contour bends to the left and all of the in—

finite number of poles above the point where the contour

crosses the imaginary axis thus fall on the wrong side of

the contour and are not included on the left. Thus, in

effect, our procedure is finding the inverse Laplace trans—

form of a substitute function which has only a finite number

of poles coinciding in location with those of the given

function f(s) and having the same residues. There is some

reason to hope that the inverse of the substitute function

will be essentially similar to that of the given function ,

at least for sufficiently small values of t.

Indeed we do find this to be the case. SUBROUTINE CURVE

of the algorithm of Chapter II was modified to formulate

a simple parameterized curve, which utilized the Bromwich

contour for numerical integration in its initial segment ,

starting from a position s=y on the positive real axis and

continuing until the elevation of a finite number of poles

is reached . The second segment of the simple parameterized

“
~ curve which was used consists of the parabola of equation

(18). ‘ This parabolic arc allowed the integration contour

to cross the imaginary axis between adjacent poles of the

function f(s). Such a contour is indicated in Figure 3 .

The termination criterion which was used in this case

is identical to that described in Chapter III. All other

program input values remained unaltered from the form of their

L1- 37 
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Figure 5. Contour of integration for the hyperbolic
tangent.1 Special contour for inversion of

-
~~~~~~ f( s) = ~ tanh(as/2). It starts at x

rises ve~’tically, and then follows a ~ara—bolic path between two poles.

previous presentation with tL..~ exception that the integer

JJJJJ , which selected the number of function poles to be

encompassed by the contour was added. The program listing

appears in Appendix A .

The approximate solutions 1(t) obtained by numerical

inversion of the substitute function for the f(s) given

by equation (31) are shown graphically below in Figures 6—9.

Figure 6 is a reproduction of five periods of the square

wave of Figure 4 with a = 10,0 and the first 100 poles of

f(s) above the real axis to the left of the contour of in—

tegration. Figure 7 is a similar picture of the same F(t)

with a = 5,0 and the first 150 poles of f(s) above the real

axis encompassed by the contour, with only one period of the

-
~~~~~ wave form. Figures 8 and 9 are analogous to Figures 6 and 7,

~~~~~
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—2. - I ’ I f ’ ’  I I I

0. 10. 20. 30. 40. 50. 60.

I

Figure 6. Numerical approximation of five cycles of the
square wave function with 100 poles to the
left of the contour.

AL = 5.C
~ T= C.1

— 2 .  _.5__
~~~~~t i I ~~~~~~~I I I I I I I I I I S j j  I . I I I I S I I I  I

0.0 2 .5  5.0 7.5 10 .0 12.5 15.0

I
Figure 7. Numerical approximation of one cycle of the

square wave function with 150 poles to the
left of the contour.
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—2. , I , I ’ I , : I ’ . I I , ’ I I I I . I , I  I I I I

0. 40. 20. 30. ‘40. 50. 60.
.5 

- I

.5 Figure 8. Numerical approximation of five cycles of
the square wave function with 7 poles to
the lef t  of the contour.

H

E a .

- 
I

~ T~ O.l

—2. I , I I I L , . I I I I I I I . I & f  1 1 1 1 1  1 1 1 1 1

0 .0 2.5 5 .0  7 .5 10 .0 4 2 . 5  15 .0
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Figure 9. Numerical approximation of one cycle of the
square wave function with 7 poles to the
left of the contour.
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respectively ; however , only the first seven poles of f(s)

above the real axis were included on the correct side of the

contour of integration.

The reader should be aware that the increment of t used

in the above series of graphs differed in each case. The

inaccuracies shown in Figures 6—9 are partially due to the

assumptions Inherent within the employment of our algorithm,

and , also , partially due to the fact that the plotter simply

connects points sequentially . This can also be seen in the

slope of the graphs at t = a, 2c*, etc., which is a function

of the particular ~t employed and not an inaccuracy of the

algorithm.

- I Efforts to accomplish numerical inversion of the f(s)

of equation (31) using the steepest descent contour were

unsuccessful. The difficulty in using this contour appeared

to be related to an adverse influence from the proximity of

the function poles to the v = 0 contours near the imaginary

axis. The algorithm was overtaxed in this vicinity and

could not track the contour ; consequently , further investi-

gation was not attempted.

In summary, we conclude that the effect of substituting

a function which has only a finite number of poles which are

coincident in location with the first n poles of a function

f(s), which possesses an infinite number of poles spaced m ere—

— - mentally along the imaginary axis, produces an inverse

approximation to the inverse of the given function f(s).

The accuracy obtained with such a substitution is increased

as more of the function singularities are encompassed by the

L 

distorted contour.
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IX . FACTORS WHICH INFLUENCE ACCURACY

Heretofore , our discussion has included the treatment of

contour integration, utilizing a simple parameterized curve

for that purpose, from two perspectives. The first of these

methods , discussed in Chapter III , Incorporated a termina-

tion criterion which required a prescribed number, N, of

successive integrand contributions each to have smaller mag-

nitude than a specified epsilon. The second of these methods,

discussed in Chapter VI , performed numerical integration for

a finite number of points spaced along the contour with sub—

sequent employment of Shanks’ accelerator in an endeavor to

enhance convergence.

The first of these methods, we have found, was highly

successful when employed with the proper point spacing , and

a very tight termination criterion , namely, a small epsilon

and large N. The second method has not , in our investiga-

tions, been found to be successful , and need not be discussed

further. The issue then becomes one of selecting the proper

combination of step—size, epsilon, and N to provide an

accurate and economical result.

In order to make such an appropr iate selection of these

parameters, it is necessary to examine the factors which in—

fluence accuracy. These factors include : the step—size along

the contour , the termination criteria, and the oscillation. 

—--— ~~~~-— --—-~~~~~~~~~~~~~ I
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1~~ Consider a simple case, which we have chosen , along a

path for which the oscillation is insignificant . The accu-

racy in such a case Is influenced , If the termination

criteria are sufficiently stringent, only by the step—size

along the contour of integration. Thus dealing with the

transform

f(s) = 2 2 ( 32)
,s  +~~~

whose inverse is the cosine function , yields a plot of the

logarithm of the percent error of 1(t) versus the step—size,

~~, as shown in Figure 10. In this case , the contour of in—

tegration was the simple parameterized curve of equation

(18) with A = 0.3, B = 1.0, a = 0.125 and t = 2ii.

The sequences of points in this plot are all obtained by

maintaining N constant (N=3) and plotting log10 percent error

versus ~ with epsilon as a parameter.

Four such parameteric plots appear in the figure below

corre~ponding to the values of epsilon ( EPS ) as shown in

the legend.

Clearly the accuracy of the results may be seen to behave ,
-

- in a genera l sense, in the manner shown in Figure 11, where

EPS1 < EPS2 < EPS3 < EPS4.
When the termination criteria are tight , namely, when EPS

is small and N is, at least, greater than one , the percen t

error Is a narrowl y banded , roughly linear function of the

integration step size, ~~~, over a range from about ~ 0.02

to ~ — 0,2. This corresponds to EPS1 in Figure 11.

Li - . .~~~~~~~~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ..
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Figure 10. Logarithm of percent error versus step size
for the cosine function.

If the termination criterion EPS is looser , as evidenced

in other cases , shown schematically in Figure 11, the accu—

racy of the result cannot be improved indefinitely by decreas-

ing, A. Rather, there is a point , which differs in each case,

beyond which the accuracy is decreased as the step size Is

decreased. The behavior Is complicated by the fact that the

effects of changes in step—size and changes in termination

cr iteria are not themselves disjoint. Making the step—size

~ 
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_ t _  

~~~~~~ .~~~~~~~~~ —-



-, 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — .. -

~~

.-_

~~~~
- _ _ _ _ _ _

4-EPSI’.

EPS
r

-
~ LOG )7oETrorj

Figure 11. Schematic representation of accuracy factors.
Behavior of the logarithm of percent error
versus step size A as a function of the ter—
mination criterion EPS.

II
smaller results in meeting the termination criteria at an

earlier point along the path of integration and thus may

actually reduce overall accuracy.

One way of dealing with this matter , of course , is to

revise the termination criteria so as to remove this inter-

dependence. We simply have not experimented with using

alternate forms for the termination algorithm. Instead , we

suggest the following viewpoint to the user who wishes to

assure that he obtains results with a specified accuracy.

He should first of all employ a very strict termination

criterion and use a succession of rather small values of
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step size, and should also vary the starting point on the

contour. In this way be should be able to establish an

evaluation having even greater accuracy than he requires.

Then , selecting what seems to be a good starting point and

keeping to it, he should increase the step size until the

result is no more accurate than he requires. He should

observe how much saving in computer time (or In the number

of calls to VALUE) this affords and should not increase step

size beyond a reasonable point. Then he should loosen the

termination criterion progressively, measuring the saving

in computer time versus the possible loss of accuracy ,

• stopping short of the point where he cannot rely on obtain-

ing the required accuracy.

In many cases where numerical integration is employed

to obtain a result whose correct value is Y, the numerically

produced approximation y approximately satisfies a relation

y Y + a A m (33)

where a and m are unknown constants. The exponent m may

frequently be established , once and for all, for the type

of integration being used, and , for individual integrands ,

the corr ect value , Y, fro m two ~va luations , y1 obtained with

A — A 1 and y2 obtained with A — A 2, by using the extrapola—

tion formula

— .5 

“ A —A [A 1y2 — A2y11 (34)
H - 1 2
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We have investigated this method of obtaining improved accu-

racy for our inversions and have found that with the inter-

dependence between termination criteria and step size, the

numbers a and m were both rather large and difficult to

establish - in other words, the extrapolation was not success-

ful in produ cing improved values. Our conclus ion was that

it was more efficient from a computational point of view

simply to use a sufficiently small step size and an appro-

priately matched set of termination criteria so as to be

able to obtain an accurate answer without interpolation.

However , a suggestion for further study of this matter

is made at the end of the next chapter.

.4
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X. RESULTS, CONCLUSIONS. AND RECOMMENDATIONS

This thesis has demonstrated that numerical integration

along a suitable contour in the complex plane, thus implement-

ing the complex inversion integral formula, is an effective

way of obtaining numerical values for the inverse Laplace

trans forma tion of a given function.

The success of the-procedure , i.e., its efficiency , avoid-

ance of Inaccuracy due to oscillation, and its termination

after including only a reasonable number of addends in the
-i

numer ical sum , is related to the fact that the contours chosen

bend to the left as they rise, thus taking advantage of the

exp(st) factor in the integrand of the inversion formula.

Although there are some theoretical advantages to what

we have called the “steepest descent” contour which follows

a v—0 path, the algorithm which permits following such a path

requires repeated evaluations of the integrand , many of which

are not actually used in forming the suninands for the numeri—

cal summation. We have found by investigating almost 100

cases for which know n inverses are ava ilable in analytic form ,

that it is more efficient to use a simpler contour than the

steepest descent path. By using what we have called a simple

parameter ized curve , we have devised a procedure which makes

use of every evaluation of the integrand . We have found that

the penalties of not following a steepest descent curve,

Ii 
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namely an increase in oscillation of the integrand along the

path , may be made quite tolerable by using any of a number

Of simple curves. In particular, most of our ~success ful work
• - has been with a simple parabola. Our algorithm , howe ver ,

includes Uie output of information which can serve to alert

the user to the possibility of inaccuracy due to oscillation

and thus suggest to him that he might select a different form

for the path.

— We have even been successful in obtaining the inverse of

a function which has an infinity of poles spaced along the

imaginary axis. In doing so we violated the principle

that all poles of the transform must be to the left of the

contour. Nevertheless the results are quite satisfactory.

Our success and accuracy have been so gratifying that

we venture to suggest that our method may prove to be an

efficient alternate method for the evalution of exotic func-

tions for which other methods are slowly convergent or in-

volve series the coefficients in which are difficult to

obtain. For example, case 92 in Appendix B shows the suc-

cessful evaluation of the rather uncommon Struve function.

The original reason for attempting to employ numerical

Integration in the complex plane as a means of inverting a

Laplace transformation was that alternate methods employed

by Hiep and Zargary in conjugated heat transfer problems

were simply not accurate enough. They led to physically

impossible results with some temperatures in the media below

sink temperature and others above source temperature.

~ 
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this thesis we have not restudied these heat transfer prob-

lems and recommend that this be dor e using our methods of

inversion. There Is some reason to believe that the diff I-

culty encoun tered by Hiep and Zargary will not be encoun tered

if our method is used, but we are not prepared to substan-

tiate this claim at this time.

Also it might be of use If the effects of varying the

available parameters (shape of curve, spacing of points,

starting point of curves, termination criteria , etc.) were

to be investigated further so that a user would be better

prepared to deal with indications of inaccurate inversion

or inordinate requirements for computer time. Our own

numerical experiments were invariably so happily successful

that we have not encountered need for such information.

For functions f(s) for which it may be difficult to

locate the singularities, we have shown that varying the

starting point of a simple paraineterized contour permits

selecting an optimum contour in the sense that one can be

assured that all singularities are to the left of the

curv e and also that the curve does not reach far enough to

the right to impose numerical difficulties with large posi-

tive exponentials.

At the end of the preceding chapter we indicated that

we did not find it profitable to employ extrapolation as a

means of obtaining improved accuracy. However, this is

probably worth looking at again, and our suggestions for

doing so are as follows. First employ a termination criterion 

~~~~~~~~~~~~
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which is disjoint from the integratIon step size in the

sense that the loca tion , along the path of integration, of

the point where termination occurs, is independent of step

size. One way of doing this is to employ an epsilon In the

termination criterion which is itself the result of multiply—

ing a fixed, input epsilon by the step size. Then the

extrapolation has a chance of being successful. So as to

maintain optimum computational efficiency , one should use

what is called Richardson extrapolation in which the evalua—

tion points for the larger step size are themselves included

among those for the smaller step size.

LA  . 5 - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -.5-. 
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APPENDIX A

LISTING OF COMPUTER PROGRAMS AND SUBROUTINE S

- 
• 

The computer programs and principal subroutines that we

have prepared and tested during our investigation are all

listed within this appendix. Section A—l contains the user ’s

instructions glossary, flowchart, and program listing for the

simple- parameterized curve. •Section A—2 is a similar treat—

men-t for the steepest descent contour. Section A— 3 contains

the user ’s inétructions and program listing for the simple

paraxneterized curve procedure adapted for use with Shanks’

accelerator. Section A— 4 contains the same information for

adaptation of the simple paraineterized curve for use with

the hyperbolic tangent function described in Chapter VIII.

It is hoped that sufficient detail has been provided to

enable a user to adapt one of these programs to his purpose

in an efficient manner. However , if additional insight is

required, it may be necessary to refer to the chapter of

this thesis in which the algorithm is developed . This is

particularly true in the cases of Sections A—3 and A—4; the

development in these sections has not been repeated where it

is equivalent to that of Section A—l.

Func tions DREAL and DIMAG and SUBROUTINES CPOWER and

CLOG, if they are required , are listed within Chapter III ,

as is ~ typical example of SUBROUTINE VALUE. Additionally, 
.5

all functions f(s) which have been investigated during this 
j

research have their applicable SUBROUTINE VALUE listed within

Append ix B.

A 
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SECTION A-l: THE SIMPLE PARAMETERIZED CURVE
USER INSTRUCTIONS

This is the FORTRAN IV program for the numerical inver—
.5 

sion of the Laplace transformation of a function f(s), which

performs contour integration along a distorted Bromwich con—

tour in the form of a simple parameterized curve. The fol-

lowing instructions are provided to assist the user in

familiarizing himself with the program so that he can adapt

- : it to his particular requirements.

1. SUBROUTINE CURVE is a user supplied group of instructions

which formulates the numerical integration contour. The

program listing presently contains a simple parabola, which

may be utilized directly if desired.

2. SUBROUTINE VALUE is a user supplied subroutine which

calculates the real and imaginary components for g(s) =

exp(st)*f(s) = u(s) + iv(s). For examples of preparation

of this subroutine the user is referred to the test cases

of Appendix B.

3. The mandatory input variables to the main program are

as follows:

(a) AA — REAL*8 starting position (S=AA) on the real

axis of the contour of integration. (Also denoted

by A in equation (18) and x0 in Chapter VII .)

(b)  AL — REAL*8 value of any constant associated with

the function f ( s ) .  (Note: If the function f(s)

invo lves more than one cons tant, the calling state—

ments to SUBROUTINE VALUE must be modified accord-

ingly.

.5 - — -- .5-- - .5 - .5- -—-.5 -- --—--.5--- -— .5-- -- --—- —.5 —- ~~~~~~~~~~~ I- —-



(c) DELP_REAL*8 increment of the p—parameter leading to

spacing of points along the contour of integration.

(d) T — REAL*8 time for which F(t) is desired.

4. Input parameters which may be altered by the user, at

his discretion , are as follows :

(a) EPS — REAL*8 tolerance parameter for the termina—

tion of numerical integration. The program listing

presently contains a value of l.D-ll.

(b) NUMBER — INTEGER*4 number of successive addend con-

tributions less than the specified value of EPS

for which numerical integration is terminated.

5. The output variables which are printed as output by pro—

gram are defined below:

ft (a) AA starting position on the real axis

(b) SUM the value of F(t) obtained by numerical

inversion of f(s). (cf. equation (16))

(c) STJMA the absolute value of the summation of the

the addend contributions of the numerical

integration. (cf . equation (14))

(d) X the final value of x on the contour at which

integrat ion was terminated

(e) Y the final value of y on the contour at which

integration was terminated

(f) LOSC the number of sign changes between successive

addends encountered during numerical integra—

tion

(g) MMMIAM the total number of calls made to SUBROUTINE

VALUE during the numerical integration process.

_
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6. The output of these variables is as follows:

AA , SUM, SUMA , X , Y , LOSC , MMMM M

7. The time (seconds) required to perform the numerical inte—

gration is printed on a line immediately preceding the items

I 
- listed above.

8. As previously described, the program will perform nuineri—

cal integration along one simple parameterized curve. If the

user desires , the program may be modified to “sweep” the con-

tour of integration over a range of starting values, AA , (cf .

Chapter VII). This may be quickly accomplished in the follow-

ing manner.

.5 (a) Replace the value of the integer KSTART from 1 to

the number of contour integrations desired .

(b) Replace the REAL*8 value of AA with the following

statement

AA = XSTART+AK*XINCRM

where

-- - - - XSTART the smallest starting value of the
- - contour of integration the user

desires

XINCRM = the Ax between starting positions
of successive contours of integration

must also be supplied.

Thus , the program will perform numerical invers ion along

KSTART contours of integration which differ only in their

starting positions along the x axis. The user may then

observe increases or jumps in the value of the output variable

SUM between successive integrations, enabling him to ascertain

the locations of function poles. The utility of this proce—

dure is discussed in depth in Chapter V I I .
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9. If SUBROUTINES CPOWER and/or CLOG are called by SUBROU-

TINE VALUE in conjunction with use by this program , NCALL

and/or MCALL must be dimensioned and initIalized to zero

within the main program and added to the calling statements
- 

. to SUBROUTINE VALUE. Additionally, any powers , other than

- integer values, must be entered within the main program and

- :  passed within the calling statements to SUBROUTINE VALUE.

~
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GLOSSARY OF VARI ABLE NAMES

VARIABLE DESCRIPTION LEGEND

AA starting position on the real axis 2
• of the simple parameterized curve

ADD computed value of the addend of the 1.
numer ical integration

ADDA absolute value of the addend of the 1.
numerical integration

ADDDLD saved value of the previous addend 1
- con tribut ion

AL constant associated with f(s) 2

DELP increment of point spacing along the 2
simple parameterlzed curve

EPS tolerance parameter for termination 4
of the numerical integration process

KOUNT integer counter utilized to terminate 1
the numerical integration process

KSTART integer counter for the number of times 4
the numerical integration is desired
to be performed, using different start-
ing positions

LOSC integer counter utilized to record the 3
number of sign changes between succes—
slve addends

MMMMM integer counter to record the total 3
number of calls made to SUBROUTINE VALUE
during the numerical integration

NN integer counter to record the total 1
number of addend con tributions

NUMBER integer input of the desired number of 4
successive addend contributions less
than a specified epsilon for termination

P parameter of the simple parame ter ized 1
curve

PROD flag utilized to detect oscillation of 1
the integrand

- ~ - I
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SUM total addend contribution for the 3
numer ical integration process

SUlfA absolute value of the total addend 3 j
contribution for the numerical

.5 integration process

T time for which F(t) is to be evaluated 2

TEST flag for termination of the numerical 1
integration process

U real par t of the funct ion g(s) 1

UO prev ious va lue of U 1

- - V imaginary part of the function g(s) 1

VO prev ious value of V 1

X real par t of s 1

XO prev ious value of X 1

Y imaginary part of s 1

YO previous value of Y 1

LEGEND

1. No action required by the user

2 . Mandatory user input

3. Appears as program output

4. May be altered by the user at his discretion
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ADO a 0.0+0 170
*00* • C.0+O iso
SUM 0.0+0 190

- I SI.M& a c•o.o 200
L O S C a O  210
MI MNM — 0 220
A K z ~~~KK 230
AA a 3 .0— 1-  7 - 240
T TwOPI 250
P .0.0+0 — 260

• N N a O  270
KCUNT a O  280
EPS 1.D— IL_ ~~- 290
OELP — 1 .0— I -~~~~ 

-~~ 300
CALL URVE IAA,P ,X 0,YCI
CALL VAL UE (X3 ,Y3 ,T ,AL,UO,VO ,MM M M M )  320
TI ME • 0.0+0 330
CALL SET! ME ‘40

C
C S 1 s 1 s s S * I s S I S s s s s s s S $ S S s s S S S S $ s $ 1 s s s s s s s s s s s $s s s s ~~s u s S s S s s s s 5 s s s s  360
C $ $ 370
C $ THE FOL LOWV4G L OOP PEi~FORMS THE NUMERICAL INTE (~RAT 1ON S - 380

200 NM a NN.1 350
CALL INC RE P (P ,OELPI . 400
CAL l. CURVE ( A A , P ,A , Y ) 4 10
CALl. VAL ~JE ( X , Y , T , . ~,L , U ,V , MMMMM ) 420
ADO — t(V +V 0)~~(X—XO)+(U+U01~~(Y—YOJ) /TWOPI “30
IF (M’4.E0 .LI  A0O0 L~)aA00 440
PROD a *CL*A003 LD 450
IF ( PROO.L1.o. OiUL ~.0SC~~LOSC+1 - 460
ACDA - Co~8S(A00 J 470
SUM • SUM +AD0 480
SUMA a SLI4A+AO0A 490

C 500
C
C * * 520

- C * THIS IS THE TE RM INAT ION CRI TER I0~1 SEGMEN T OF ThE ALGORITH M * 530
- C  * -  * 540

TEST a OA 8S(A 00 1
IF (TEST.LT .EPSI KOUNT KOUN T+L - 560
IF ITEST.GE.E PSI KOUN T O 570
CALL GET I~ E (LET ) 58~EL • DFL OAT ( IET J I2 .aO—5 590
TIME a TIME.E~ 600
CALL SETIM E 610
IF (KOU NT.EQ.Nu 4BER ) GO TO 300 t20

C * S 630
C ****S**************************a****S***S*********************t ***  640
C 650

Z O .  X 660
Y O a  Y 670
UC~~~U 680
V C V  490
*003L0 • AD O 700
GO TO 200 710

C $ $ 720
C $ U S $ S $* S $ $ $ S $ $ S $ $ S S $ $ $ $ $ $ S $ S $ $ $ S S $ $ $ $ $ $ S 5 $ S S $ $ $ S $ S S S S $ 1 $ I $ S $* $ S $ $  730.5 C 740

S
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300 CONT INUE 75
- WR4T E (6,5001 NN,TIME

WR iTE (6 ,600) AA , SUM ,SIJI 4A ,X ,Y , LO SC ,I ’ NMM M 170
- 400 CONTINU E 780

C 790
C 4 800
C 810
C 820
c 

STOP .5 - pg
C 850

.5 I 500 FCRMA T (1X , ’TOTAL. ELA PS EC TIME AFTER ‘,IS,’ ITERAT IONS IS ‘ ,E20.5) 86C
600 FORMAT L IX, IP SEZO.5.218,/) 870

%t~ROUTINE CURVE (A , P ,X ,Y 1
• 1$ L ICIT REA L* 8 (A —h ,O— Z ) 20

X • A— ( P*PJ 30
40

R ETJRN 50
60

SIBP.OUTI NE INCREP ( P,O ELF I  10
IMPLI CIT REAL*8 ( A— Pt ,O—L i 20
P — P i O E L P  30
RETURN 40

-~~~~ E~40 50

I

L~ ~~~~~~~~~~~~
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SECTION A-2: THE STEEPEST DESCENT CONTOUR
USER INSTRUCTIONS

This is the FORTRAN IV program for the numerical inver-

sion of the Laplace transformation of a function f(s), which

performs contour integration along the steepest descent path

in the complex plane. The following instructions are pro-

vided to assist the user in familiarizing himself with the

program so that he can adapt it to his particular require-

ments.

1. SUBROUTINE XMARCH is a subroutine which tracks a speci-

fied v=O contour (steepest descent) in the complex plane ,

once this contour has been intersected for the first time.

As shown in the program listing , the following two equations

X ~~ XHOLD - l.D_l*DCOS(THETA)

Y YHOLD + l.D_l*DSIN(THETA)

march the numerical integrations in the favorable direction

along the contour. The equations are parametric in THETA,

which is the search angle provided by SUBROUTINE ROTATE.

The 1.D—l is a polar radius which may be altered to a larger

or smaller increment by the user, or accepted as it appears.

2. SUBROUTINE ROTATE increments the angular search angle

THETA in order to locate a new point on the v=0 contour. The

angle is presently incremented by 5.D—2 radians with each

call to the subroutine. This may be altered as required.

3. SUBROUTINE VALUE is a user supplied subroutine which cal—

culates the real and imaginary components for g(s) = exp(st)

x f(s) — u(s) + iv(s). For examples of preparation of this

.5 
65 
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subroutine, the user is referred to Appendix B .

4. The mandatory input variables to the main program are

listed as follows :

(a) AA - REAL*8 starting position (s=AA) on the real axis

(b) AL — REAL*8 value of any constant associated with

the function f(s). (Note: If the function f(s)

involves more than one constant , the calling

statements to SUBROUTINE VALUE must be modified

accordingly.)

(c) DELY — REAL*8 increment of the point spacing along

the Bromwich contour. (Note: to alter the point

spacing along the v=0 contour , the user is

referred to 1 above.)

(d) NREG - INTEGER*4 input value which specifies the

p first, second , third , etc. v=0 contour above

the positive real axis, which is to be followed

in the numerical integration process.

(e) T — REAL*8 time for which F(t) is to be evaluated.

5. Input parameters which may be altered by the user, at

his discretion , are listed below as follows:

(a) EPS — REAL*8 tolerance parameter for the termina—

tion of numerical integration. The program

listing presently contains a value of l.D—ll.
p i~

(b) NUMBER — INTEGER*4 number of successive addend

contributions less than the specified value of

EPS for which numerical integration is terminated .

~iI

IL 
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6. The output variables which are received from the program

are defined below:

(a) !AIMMM - the number of calls made to SUBROUTINE VALUE

(b) SUM - the total addend contribution for the numeri-

cal integration

(c) SUMA - the absolute value of the total integrand

contribution for the numerical integration

(d) EL — the computation time in seconds required for

the process

7. A sample program output is as follows

O.724724D+O O.324972D+l SUM , SUMA } 
~~~~~~~~~ 

vertical
O.707107D+O O.326734D+l SUM ,SUMA
4027 MMMMM a en o
O.71090D+1 EL computation

67
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GLOSSARY OF VARIABLE NAMES
— VARIABLE DESCRIPTION LEGEND
I : AA starting position on the real axis of 2

the Bromwich contour segment of the
- integration

ADD computed value of the addend of numeri- 1
cal integration

ADDA absolute value of the addend of numeri— 1
cal integration

AL constant associated with f(s) 2

CHECK flag to ascertain when a v=O contour 1
crossing has occurred

- 
- 

- DELY increment of point spacing along the 2 -:
Bromwich contour segment of numerical
integration

.5 EPS tolerance parameter for termination of 4 
.5

numerical integration

EXAM flag to ascertain when a contour crossing 1
has occurred

J integer counter used internally for test— 1
ing contour regions .5

KOUNT integer counter utilized to terminate 1
the numerical integration process

.5- KSIGN integer counter utilized to record the 1
number o f v=O contour levels crossed

LEVEL integer flag assigned to regions of 1
positive and negative v

MMMMM integer counter for the number of calls 3
made to SUBROUTINE VALUE during each
segment of the numerical integration
process

NREG the desired v=0 contour level above the 2
positive real axis which is to be tracked

NUMBER integer input for the number of succes- 4
sive addend contributions less than the
tolerance parameter required for terni i-

-
~ nation

68 
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SUM total addend contribution for the 3
numerical integration process

SUMA absolute value of the total addend 3
contribution over the contour of
integration

T time for which F(t) is to be evaluated 2
-
~ I

TERM termination parameter for the absolute 1
value of the addend

TEST Flag to ascertain when a contour 1
crossing has occurred

THETA search angle used in the contour 1
tracking algorithm

THETAO previous value of THETA 1

THNEW predicted angular location of a new 1
point on the contour from a known

- - I previous point

THONE coordinate utilized in linear inter- 1
polation

THTWO coordinate utilized in linear inter— 1
polation

U real part of g(s) 1

UHOLD previous value of U 1

V imaginary part of g(s) 1

VHOLD previous value of V 1

VNEW actual value of the imaginary part of 1
g(s) for the predicted v=O location

VOLD previous value of V 1

X real part of s 1

XHOLD previous value of X 1

Y imaginary part of a 1

YNEW predicted elevation of the desired v O  1
contour level 



—~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~ _________

LEGEND

1. No action required by the user -

2 . Mandatory user input -

3. Appears as program output

4, May be altered by the user at his discretion

70 
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- I
I . _ _ _ _ _ _ _ _ _ _ _ _

START

I I - -

ESTABLISH TUE
— PARAMETERS .5

INITIALIZE
SET THE
TIMER

CALL
CURVE AND VALUE

- OBTAIN THE
INITIALUAND V

_____________i

-:

INCR EMENT Y
- COMMENCE

VERTICAL MARCH

71
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1~CALL
CURVE AND VALUE

- r I

COMPUTE THE
VALUE OF THE

INTEGRAND AND
ITS ABSOLUTE

VALUE

E l 
____________

SUM THE
CONTRIBUTIONS

OF THE
INTEGRAND
AND ITS

ABSOLUTE VALUE

SIGN
IF EQ. 2 ESTABLISH

THE SIGN
OF V

H’  

_ _ _ _ _ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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COMPUTE THE
PRODUCT OF THE
OLD AND NEW V

K SIGN
THE COUNTERIF LT.OD+O FOR THE

NUMBER OF
PRODUCT CONTOUR LEVELS

IS INCREMENTS

300

IF LT.NREG 
IKSIGN

CONDUCT LINEAR
INTERPOLAT ION

LOCATE
DESIRED POINT

ON THE
V-O COUNTER

73 
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RETAIN ThE
X, Y, U, AND V

VALUES OF
THE POINT

ON THE COUNTER

COMMENCE THE
TRACKING ROUTINE

TO LOCATE NEW
POINTS ON THE

COUNTER

1100
CALL
X MARCH
ROTATE

AND
VALUE

.5 / J \~~~~~~~~~~ WE
AB

S
L
~:

/ ‘.5 O F V
SET OLD V - V
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EXAM
COMPUTE THE
PRODUCT OF

OLD V AND V

1100 
1

~ ~~~~LT.O.~~O

CALL 
—

VALUE
OBTAIN ACTUAL

H V NEW FOR TJIE
INTERPOLATED 8

I,
.5 

COMPUTE
~HECK=V NEW * SIGN 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-- - - - -

—- —.5 .5 - - —.5- .5-- — . 5  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .5 - —--.5 - .5--- —~~~—‘.

_ _ _ _  -

LT. EPS / IF \ GT. EPS
DABS(V) 

I
_ _ _ _ _ _ _  

.5

1300 1300

1 1600
I COMPUTE THE
I INTEGRAND

AND ITS
ABSOLUTE VALUE - r

- 

.5

-

.5 STJM THE
INTEGRAND

AND ITS
- ABSOLUTE VALUE

~;II .5
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COMPUTE
TERM=DABS(ADD)

KOUNT
/ IF \
/ \LT.EPS INCREMENTTERM COUNTER

1000

IF
LT.5 / \ EQ. 5KOUNT

WRITE OUTPUT
- STOP THE TIMER

STOP 
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— C THIS PROGRAM COMPUTES THE INV ERSE LAPLACE TRANSF ORM OF A 10
C F L.NCT r~ USIN~ THt STEE~ EST OESCEP.T CONTOUR 20

IMPLI~~?T RE AL~ 8 (A— I1,O—Z I 30
CALL SET IM E 40
CALL ERR SE T (2 07,256,—1,L ,L,2 093

**********************************4 ***************************$***
C * - 

- 
* 80

C - * THIS SEGMEN T OF THE PROGRA M N~ PER1CALL ~ IN TEGRATES ALONG ThE * 9~C •BROMU I CH CCNT’)UR UPlI ft IT IMTE P -.S ECTS I1ITrI THE UESIRED VaQ * 100
C *CON TO UR. L1NEA~ IN ThRP CLA TIGN 15 USED TO REFINE Tl- E LCCA T ICN. $ 110
C * I ~~~~~r~in * 120

ThOPI ~ 4. L)+O*OARS IN(1.C+0 3 “— ‘ . 5’”--’ 130
T a T W O P I  

~~
- 2 140KK KKK - 0 150

AL — 1 .250—1 *— 160
J a l  — 17
M ’MMN a O 18
SLM 0.0+0 190
SUM& — 0.0+0 - 200
AA z 3.C-1 ~~

— ‘ 210
X — A A  — 220
Y 0.0+0 230
Y )0 L 0 0.0+0 24~DELY a 2.50—3 - -~~- 250
NRCG a 3 260
KSIGM O — 270
LEVE L a — L 280
CAL L VALUE (X ,Y ,T,A L,I.HCLD,VH OLO ,’F4PMMI 290

~~~~~~ 
a y + Q~~y 300

CALL VALUE (X ,Y ,T ,AL, I . , ’,,MMMNMI 310
320

IF (J. EC.2 3 Slu l ViCA ~$(~~1 330 .5
IF (J .G1.2)  TEST a V*S IGPI 340
iF ITE ST.LE .Q .0+0 1 ~0 TO 4~ Q 350

300 ACO a ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 360
SLM a SU M+AD O 370
AC OA a CAB S (AD O ) 38G
SUMA a 5UMA.A ~~34 390.5 I F  ( K K K K K . E C . L 1  WRITE (6,1800) AD0 ,A DOA 400
UIIOLD a 410
VHOLD a 14 420

a y 430
GO TO 200 440

400 K S I 3P I  a l(SIGN+1 450
LEVEL a — L EV E~ 460
IF ( KSLG N.~~C.NR Et,1 GO IC 500 470
S IGN • —SIGN 480
GO TO 300 490

500 Y Ct ~ a Y— DELY 500
YTW3 Y 510
VCNE a VHOL O 520a V 530

600 Y NEW a ( VQ N E* (YTWQ— y ONE )~~(VONE~ VT~ O ) ) + Y C ~ E 540
CALL VALUE (X ,Y ’~E~d , T ,A L ,UN EW, V M EW , MMMMM 3 550
IF ( OA 6 S (VN EW J . L T. 1 .O— LL J GO TO 9C0 560
T EST • V M EW*S IGN 570
IF (T EST.G T .0.0.0 1 GO 10 700 580
Y T W O  a Y NEW 590
V TWO a VN EW 600
GO TO 800 ~10

700 YONE a YNE W 620
V0N~~ 

a VNEW . 630
600 C CNT INU E 640

GQ TO 6CC 650
900 ~~~ a ((U’4Eis +UltJLQI * ( Y NEW Y HO LOJ I/T biO PI 660

ACCA a CAô S (A ~aO3 670r - 5(j4 a SLM .A DO 680
SUMA a SUMA,A OOA 690
IF (lc l ’J ($ .K .EC .LJ wRIT E (6,1800 1 ADC,A00A 700
WR IT E (6,2 100 1 MMMMM 710
WR ITE (6,2000 3 SUM ,SUMA 720

C a * 730
C ********sa ****a*aaaa$*sasa *a$aaas ss s **s **s *****$sa**$s *s *4*s e***$* 740 .5 
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$11 A S  8 18115$ 1~
g

C S S 770
S THIS SEGMENT OF THE FROG RAM PERFORMS M.~MER ICA L IPIT EGRATL C N $ 780
$ALONG THE V a 0 CONTOUR . LE~ ENL I

- l K O U N T a O  810
- 1 NUMBER a 5— —---— —---- -— --—--—---- ‘.5.. ‘-f 820

EPS a 
~~~~~~~~~ ~

- 
4 

830
T IET A a C.O+0 840
V — YNEb eso

W O O J a 1  e6o
~UOL D a X 870
Yi~OLO a y 880

.5 U*4OL D a UlEW 890
V I-OL~

) a V’IEW 900
M~ MMM a 0 910

1100 J J4~ 920
.5 CALL XMA RC I (X ) IOLO, Y HO L O ,THE T A ,X ,Y )  930

CALL VA LUE (X ,Y ,T,AL,U ,V , MM M M M I  540
IF (J.EQ.2 ) S1G~l V /DA 8S(V ) 950

.5 IF (J. GT .2 J EXAM a V*S IGN 960
IF (EXA M.L E.O.D+01 GO TC 1200 970
VOL.0 * V 980
THETAO a THET A 590
CALl. ROTATE (L~ V EL, SL G N,TH~1Aj 1COO
GO TO I1GO 1010

1200 THCNE ~ THETAO 1020
THTWO z THETA 1030
VONE a VOL. 0 1040

6 VTWO V 1050
.5 1300 THNE W a d(( THONE—THTWC I/ (VTW O—VCNE I)*V ONE )+THONE 1C60

C ALL XNAR CH (XH )LO,YHOL3,THN ~~W .X ,Y) 1070
CALL. VALUE IX ,Y ,T,A L, UNE W,V NEW ,MM MM N ) 1080

.5 IF (DAB S(VNEW J.L T .L.0—LL I GO ~O 1600
ChECK a VN E W*SIG’4 1100
IF (CHECK.GT .O.0+01 GO TO 1400 1110
THIWO a THNE W 1120
VTW ) a V~ Ew - 1130
GO 10 1500 . 1140

1400 Tl’ONE — THMW 1150
VCNE • VNEW 1160

1500 C CNTI NUE 1170
GO ID 1300 1180

1600 ACt ) a ( (W4 Ev4+UHJLOI *(Y—Y LO) +(V NEI4 +V HOLOI*IX X HOLD) 1/TWOP I 1190
A UDA a OAB S (A 003 1200
SUM SUM +AD 0 1210

.5 SUMA ~ SUMA .ADOA 1220
IF (KKl~KK.E Q.1I WRITE (6,18001 AO C ,AOOA 1230

C 1240
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ l~~~ ~~~~~ q i ~~~~~~~**i*i ~~~~~~~~~ 1250 

.5

C ~ 1260
C • THIS IS THE TERM INATICM CRI TER ION SEGMENT OF THE ALGCR I THM. • 1270
C $ 6 1280

TERM a DAB S (AOO1 1290
IF ITERM .LT.E°S J KDUNTaKOUNT +1 1300
IF £TERN .~~E.EPS1 ~OUN T~ 0 1310
IF (KOUNT . EQ.NUM6ER J GO TO 1700 1320

C 6 6 1330
C $ $ U $ $ $ $ $ $ $ W M 6 I I 4 I $ I I I I . I$6I6II$U6I$$ ~ I~~$~~~~4~~ 1340

THETA a THP4EW
EXA M a —E X A M 1370
GO TO 1000 1380

1700 WR It E (6,20003 SU M,S UMA 1350
WRITE (6 ,21001 MMMMM 3400
CALL GET IME ( l ET ) 1410
EL a DFtCAT ( iET 1~~Z.6 O— 5 1420
WRITE (6,1900) EL 1430

C S S 1440 .5

C S $ S $ S S S S $ S S S $ $ S S S S S $ S $ S S S $ $ $ 1 $ S S $ I 1 I 1 S 1 I * S S $ S S $ IS I S I S S S S S $ S S S* S S S $  1450
C 1460
c 

STOP-
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I
1

490

* 
18 

~~~~ 1t~ :~~~~~P~~ 6’4 IME DURLMG THE COMPUTA TION IS’ ,E20.51

~~~~~~~~~~~~~~ 
LE.GL~-L

~t~~R0UTINE XMARC PI (XHCLC YHOLD ,THE1 s~,X,YI 
10

I M PLICI T .EAL*8 (A H  O Z ~ __________________________ 
ç

X — XHOLD _ 2. 50_ 3 *CC 3~~(T~ ETA~~ — 
~
,

Y a YHOLD+2 .5 3*OSIN (ThETAI__ 50
RETURN 60

~~gROUTINE RO1AT~ ( L EV € L 1SIGN,THET A )
IMPLICIT Q EAL * 8 ( 4—rt ,O—L; 30
if (S I~~N.LT. O .O ’ Qi  ~~ E~~~ THETA 5.0 2 40

IF (SIu ~ .GT.O.O+ 0J THETA THETA+5 .0 2 60

100

200 ~~~URN 100

LEGEND

2. Mandatory user output .

-4. May be altered by the user at his discretion .

5. Polar radius R = .025 built into program, may
be changed by user.

80
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— SECTION A— 3. SHANKS ’ ACCELERATOR
USER INSTRUCTIONS

The algorithm of this section is very similar to that

of Section A—i. Only those features which differ have been

discussed in this instruction.

1. Contour integration is performed using a simple para—

meterized curve for a finite number of points on this con-

tour. This finite number of terms must be prescribed by

the user. The integer variable M is used for this purpose.

2. The dimension statements at the beginning of the program

must provide storage space in linear arrays which are equal

to or larger than the value assigned to M. (These quanti-

ties will subsequently be used with Shanks’ accelerator .

Note particularly that the array is douoly indexed.)

3. The integer variable N specifies the number of iterates

of Sh anks’ accelerator which are desired by the user. How-

ever , the assigned value of N cannot be greater than 6 as

the program is now written .

4. A sample program output appears in Chapter VI of this

thesis. Column 1 represents the natural result obtained

after M evaluations of the addend, without application of

the accelerator .

81
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FUNC TION US ING A FI’II TE ~IlU-M 8~ R OF TER MS A~ ON~ A SIMPLE 20THIS PROGRAM CALCULATES THE INVE RSE LAPLACE TRANSFORM OF A 10
PA RAME T ERL Z t ~) CONTOUR CF INTEG RAT ION WI T H SHAN KS ’ ACCE L ERATOR 30

.5 IMPL iCIT ~EAL *8 1 4 — s.D—fl 40
DIfr ENSIC’ I A ( 10 , LJO I  A CO ( 100 J 50

- .5 O1MENSICN X ) ( IO J )  ,Y Y l1 00 ) ,UU( 100i ,VV( 10 0)  60
CAL L ERRSET 1Z07 ,256 , — 1 , L , L , 2 0 5 1  70
$ W N M M a O  . 80
ThOPI a 4. D+0*OA RS INII .0+0J 90
Al. * 1.250— 1
T a
AA 3.0— 1
P a 0.0+0 .5— -—

1 4 —2 0  — 
- - 40

N N O  150
N a 5  160
CALl . CU RVE (AA, P ,X 0 ,YO 1 170
CAL L VALUE (X0 ,Y0,T,A L.LO,VO, MMMMI’I 180

190
$5$$SSSS$S$$$$1$S$5$$*SI5$5$SSS$$I$$SS$S$SSS$S $1$S$$S$S$$$SSS$ S$$S 200
$ $ 210

220
S THE FCLLG WIMG SEGM ENT Of THE PROGR AM PERFORMS THE CONTOUR $ 230

C $IN TEGRATIO ~ FOR A FINITE NUMBER CF TERM S US ING THE SIMPLE $ 240
$PA SAME TE SIZEO CJ RVE. $ 250
$ $ 260

200 MN a NM+1 270
CALL INCREP (P3 280
CALL CURVE (AA ,P X ,Y) 290
CAL L VA LUE ( X ,Yj , 4L ,U,V , MMMMI4I 300
ACD (MN I a (IV +V O 1$ (X— *O1+(J +UO) $ (Y— YOflITW O P I 310
X O X  - 320
Y O a  Y 330
U C a U  - 340
V U — V  35 .
XX( NN) a x 360
YY (NN ) a Y 370
UU ENN I a U 380
V

~~~

4MI V 390
IF (M N.EQ .M 1 GD 10 300 400
GO 10 200 410

300 CONTINUE 420
$ $ 430
$5 $ $ $ $ $ $ $ 5 $ * $ $ 6 1 $ $ S $ 1 $ $ S S S $ $ S S $ $ 5 I $ 5 $ 5 S $ S $ I $ 1 S* * 5 8 * S S S $ S $ S 1 $ S $ $ $ $ $  ‘i40

‘.50
$**4*$* * * * * *$* * *$$** * * * * * * * * * * *$* **$* *** * *** * *$* *~I********$a****** 460
* * 47U‘.5 . 

* THIS SEGMENT OF THE PROGRAM IMP LEMENTS SHANKS’ ACCELERATOR ~p * 480
C sA CCORDANCE WIT H EQUAT ION 28 OF CHAPTER 6 OF THIS THESI S. * 490
C * * 500

a — 1.0+0 510
ERS a 1.0—12 520

C ~30
C .40

DC 400 Ial,N 550
560
570

DC 400 J l , M 580

- 600~ 400 A (1,J) a 0.0+0 590

610
1 — 1  620

630
640

00 500 Jal , M 650
.814 • J 1  660
5 a A DO(J 1 670
IF IJ .EC.1J 4(1,1.) a 680
LF~~

J . G T . L )  A ( 1 , J 3  a 8 ,A ( L ,J NJ  690
500 C INUE 700

71~
)

720
73 C
74Q

82 

L
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.5 
790.5 

00 600 JaK, M 800Jp a J—1 - 
. 810

- JMM a J—2 820I *11,1) a 1.0+0 - - 830DEN A (IM J)+A (IM ,JMM)-2. O+0*4(JM ,JMJ 840
IF (DA8S(D&Ni .GT .EPS3 A (I,JIa (A(IM,JJ *A (LP ,4I4p )_A(IP, JM )**23/DEN 850

I 
— 

600 CCNT INU E 860H C 870H • C 880
• C 890

I C 500DC 700 J aZ ,M 510700 WRITE (6,800) J , (A ( I .J ) , I— 1 , N )  920C 930C * * 940C *****************a ~~~~~~* ** *é* * *  ** ***** 950C - 560STOP . 970
C 980C 990800 FCRNA T (SX, 13,eFIB.14 J 1000END 1010SUBROUT IN E CURVE ( A , P , X , Y J  10.5 IMPLICIT RE AL*8 ( A—H, O—Z i 20a A — ( P* P ) 30Y a P  40- RETURN 50END 60SU&cO UT INE INCREP ( P3 10I IMPLIC IT REAL* 8 L A— H ,C— ZJ 20P a ~+j ~ Ø—j 30RETURN 40

I 
END 50 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _
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SECTION A-4. SPECIAL CONTOUR ALGORITHM FOR CASES AS
TREATED IN CHAPTER EIGHT

USER INSTRUCTIONS

The integration contour used in this section is a vertical

path to a specified value of y, fol1o~ied by a simple parabola.

The algorithm of this section is very similar to that of

Section A—i. Only those items which differ are discussed in

this section.

1. Contour integration is performed in the initial segment

of the program along the Bromwich contour. The integer vari-

able JJJJJ specifies the number of poles of the function

‘4 f(s) = ! tanh(~~ ) above the real axis that are to be enclosed

to the left of the distorted Bromwicii contour, which is used

in the second segment of the program.

2. The variable HALT computes the elevation above the real

axis corresponding to the input value of JJJJJ for the

specified hyperbolic tangent.

3. The variable FLAG is Internally assigned a value of zero

or one , corresponding to the first or second segments of the

contour of integration which the algorithm employs. No

action Is required by the user.

4. The integer variable KSTART is utilized In the outer loop

of the program to increment the value of t for which F(t) -

is computed.

5, The linear arrays STORE and STASH are used to convert the

values of - 1’(t) and t to single precision , which is required

-~ 
for the graphics package associated with the IBM 360/67.

— . 5- - -  -.5- -- . 5 - —-- —- .5— —~~~~~ --—--——-- ——--- — -----—~~~~~-— --- ---— _ --—-_- -—-_---- —- -- -- ---——*-~
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6. SUBROUTINE VALUE contains the real arithmetic coding of

the function g(s) for the hyperbolic tangent function of

Chapter VIII of this thesis. Standard trigonometric identi-

ties for the hyperbolic functions of a complex argument have

been utilized.

Note: This procedure is obviously keyed to the particular

- function f(s) = ~ tanh (~~~) .  The user must modify it for

other functions. One obvious modification which would

.5 generalize the procedure would simply be to specify rather

than calculate the value of HALT, i.e., Input HALT rather

than JJJJJ.

H

~1

LL~ ~~~~~~~.
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:1~
C THIS PR OGRAM COMPU TES THE INVERSE LAPLACE 1RA~ SFC RM OF A
C FUNCI 1DM US IN .., TIlE SIM PLE PARA M ET E RIZED CON TOUR OF INTEGRATI ON
C WITH MOOIFICATIOM TO VARY THE tLEV ATID N FROM WHICH THE CURVE IS
C LAUMCHED. THE ~RO MIICH C3NT3UR IS USED IN THE INITIAL SEGMENT.

IMPLIC iT RE .~L*8 (4—11,3—2) 20
REAL *4 STO RI , STA SH 30

.5 D IMEM SION STORELSO) , STA SH(50)
CALL ERRSET (407,2~ 6,—j,1,L,209) 50
T~~ PI a 4.D+O*OARSLM(1.0 ,0) 0
A L a  1.0+1
JJJJJ I5 8
KKK~~~~ a O  90
NlP4BER — 5
lIST ART a 50 

100
DO 400 KICK 1, K START
F LAG — 0.0+0 120
HALT a (D FL GAT (JJ JJ J )*T ~.OPI1/ (2 .D,0*AL 1 130
ACO 0.0+0 - 140
ACDA a 0.0.0 150svi — 0.3+0 160

- ‘ su ,~s a 0.0.0 170
L C S C a O  180

.5 M M M M t 4 a O  .5 190
All a ICKIC zoc
AA a 3.0—1 210
T a 5.D— 1+A K*1.3+O 220
P.0 . 0 +0  230

.5 K OUIT a 0 240
N N - 0  250
EPS a 1.0—1 1 260

- .5 DELP a 1.0—1 280
CAL L CURVE (AA ,P,ll41 .T, FLAG ,X3 ,YQ) 290
CALL VALUE (X3,YO ,T ,A L, UC,V O, MMMMM ) 30C

- T IME — C.3+ 0 32u
.5 CALl. S ET IME 330

- I 200 N l l a  NN+ 1 40
CAL L IMCR EP (i(ALT ,0EiP~~F,FLAG) 150

- 
- CALL CU RVE (AA , P LMA L T , FLAG ,X ,Y i  . 360

CALl. VALUE (X ,Y , T , A L , U , ’~,MMMMM3 270
- - ADO a ( (V .VO1 *t X—~J 3+ ( U+UO )* (  Y— vO ) I  /TW OPI 380

IF (NN.EC.1 I 40.8010—4CC 390
PROD a ~~~~~~~~~~ 400
IF (PROD.L T .O.J+01 LOSCaL3 SC, 1 410

.5 SODA a 048S(A 00I  420
SliM a SUM+A OD 430
SUMS a SUM 6.4004 440
TEST a OA 8S IA OO8 450
IF (T E$T. L T . E,’51 KOUNTaIICUNT+ 1 460
IF LTEST .G E.E PS I IIJUNTaO 470
CALL GETIME ( L ET )  490
EL a 3FLOATUETI* 2.60— 5 500
TIME a TIME .El. 5
CALL SETIME 5
IF (KOUNT.EQ .N.JMBERJ GO 10 300

- - X C a X  540
-

- Y O a  y 550
.5 U O a U  560

V C a V 570
A000LD a ADO 580
GO 13 200 590

300 C C N T L N UE 600
WR ITE (6,5001 NN ,TIM E 610
WRITE (6,600) 7, SUM, SUMA , X, Y, LOSC , MMNMM
$TO RE( KKK ) - $NG& (T) 630

400 
4~ H~~K KK 1 — SNGL(SUMI

- CALL PI.CT G(STORE,S TA$P,50,L,1,0, ’T ’ ,1, ’F( T ) ’ ,4,O .O, 55.O,—2 .0 ,2 .C,
C~LL PLOT (0.0,0.O,999 )C 660
STOP 670

* 
500 FORMAT £IX , ’T OTA(. ELAPSED TIME AF T ER ‘ , IS, ’ I TERATIONS 15 ‘ .E20.53

.5 

* 
-~~~~~~~~~ . - .~~~~~~~~~~~ ,. -
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L

• 600 FORM AT ( IX , 1PSEZO .5,218,/)
1t~~R3UTZNE CURVE IAA ,F,HAL T, FLA G,X, Y )  

~~ 18IMPL ICiT REAL *8 ( A—ti 0— 2 1 20IF (P.LT .HALT.AM0.F LA ~ .f ~E. 1.0+0 3 GO TO 100
X a AA— (( P—I i ALT I* LP — p t A L T ) I

.5 Y a P  soGC TO 200 60L O O X a A A  7Y a p  S200 R ETURN 90
END 100
SUBROUT INE INCR EP (HA ~ T JEL P,P,F LAG ) 10
~ MPLZ CIT RE AL*8 (A — H , I ~—~ J

a P+OE LD 0
IF ( P . E Q .HA L T ) FLAG aI.D+0 40
RETURN -

SUBSOUT INE VA LUE (X,Y,T,AL ,U,V , MM MM M ) 10IM PLICIT RE AL*3 (A ’-H,C—L) 20NM MM M a MMM M M + L  ‘ 30T EMI a (A L *X ) 40TEM2 — (AL ~ Y ) 50TEM3 a DSIMH( IEML) 60
TEM4 CS1~~(TE~$21 70TENS a OCCSH(ThMLli000SITEMZ) 80
T EM6 • T E M3 / TEM 5 90
TEM 7 — TEM 4/TEM ~ ‘00TEM8 — (TEM6*x,+( TEM7*Y3 ho7EN9 a (TEM7 *x)— (TEM6*y ) 120TEMI O a ( X * X ) + ( Y * V 1  130TEMII a TEM8/TE .l10 140T EMI 2 IEM9/TE MIO 150TEMI3 a rc.xp (z*T1*occs( y*T) 160TEMI4 a L.EXP ( ** T )* US LN ( Y *T 3 170
U a ETEML3*TE -MIU—(TEMI 4 .TEML2) 180
V a (TEM14* TEML L I ,I TEML3 *TEM I2I 190RE TURN 200EPO 210

87
ii~I -- - — - ~~~~-- — ----- - -- ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ________________
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APPENDIX ~3

LISTING OF TEST CASES AND EXPERIMENTAL RESULTS

The Laplace transformation pairs f(s) and F(t) which we

H have used as test cases are listed within this appendix.

Also included for each function f(s) is the listing of the

SUBROUTINE VALUE and a typical result of numerical inversion

at one specific value of t. Case 9 also shows a plot of

F(t) versus t obtained numerically .

The results obtained by numerical inversion have been

compared where applicable, with tabulated values listed in

(1). In all other cases the value of F(t) has been cal—

culated on the IBM 360/67.

The symbols which are used In the presentation of

results are defined below:

AL — constant associated with f(s)

BE — constant associated with f(s)

T — t ime for which F(t) is evaluated

AA — real axis starting position of the integration contour

— final value of x at termination

— final value of y at termination

MMMMM - total number of calls made to SUBROUTINE VALUE

LOSC — number of sign changes between successive addends
.5 SUM — value of F(t) (equation (16))

SUMA — value of G(t) (equation (19))

TIME — clock time (see) required for numerical integration

ANALYTICAL — analytical value of F(t)

in all cases we used N = 5 and EPS l.D—ll.
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Case 1~. 
.5

Z 1[t ]  =

SUBROtJTINE VALUE (X,Y ,T A L , U , V , M M M M M ) 
4

C THIS [S TABLE E’IT~ Y ~UM~E~ 
01 OF LAPLt.CE TRAN SFORMS BY SPIEGEL

1~~~ 1~~I~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
‘4’4MMM a MM’4MM + ~
XPTR a X*’
XPTI a
rX PT 0C’4~ LX (X PT~ ,X P1I )
~~~M.I M a C DEX P( C X PT I
OEN3M — ~C~4PLX Ih, Y)CRE SLT a ~MUM/C0E’IO’ ~U a D R E A L ( C P E S L ~ )

v ~IMAG( RE~ LT)
RE’~URN

AL a I .25D~i.

-

~~~ T a R . D+O

A A a O .2

X ? _ 1l..6~1.

H I 
YF~~~2•2 

.5

MMMMM 2~~

H 
L O S C - 5
SUM — ] ..000000+O

— 

SUMA a 1.Ze2588D+O

TIME a 0,7979140. 1

ANALYTICAL a 1.000000+0 

-~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _  ___________ J
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Case 2. - 

- 

.5

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TRAN SFO RMS BY SPI EGE L

i~~i~i~ t~ t~i~’°’~• I4MMMM — MMMMN +• CS~ — DCMPLX (X,Y
XP T R — XII
x~ -ri —CXD T — OC M D LX (XP IR,X PT 1 )
CPUM — CDEX~~(CX ’T )
COE NOM a D CM P L X ( X ,Y ~
COEMD M — CS1*CSL
CRESLI a CN~JM/ CDE~OM
U &I~E~ L (CRE~ LT J
V * DIMAG (C~ ESLT)
RETURN
E~O

AL 1.250—1
.5 T — 8 . D + 0

AA O .2

X F .l& .61$

Yp 2.2

MMMMM ~ 23

.5 LOSC 14

SUM — 8.000000+0

SUMA a 8.0~.195D+0

TIME — 0.532l$8D~1

ANALYTICAL a 8.000000+ 0

94
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Case 3.

~~~~ i ~~~_ i[~ * a t .~~~~... ]

SUBROUTINE V ALUE(X,Y ,’,~ L M0~WE~ ,U,V,MMMMM )
C THIS IS T~~ LE E~1TRY NUMBE~ 03 OF LAPLACE TRA P1SF~~ MS BY SPIEGELIMOLICIT o c ~L*e (A 3 0

flPLZCIT C~ MPLEX*I& ~CiMMM MM a MMMMM • 1
2ER~l • 0.3+0

* DCMDLXIX ,YJ
XPT~~a X*T
XPTI a

a DCMPLX (X PTR,X ~ T IJ
CW M a COE X~(CXDT)COENOM a
CRESL.T a Cr~1UN/CQEN3Ma Oq E6L (C~ ESL T~V a DIMA G I C~ E SLTJ
RETURN
END

AL — 1.25D— 1

N pOWER a~~

T 8.D+O

Ma  0.3

a .
~4~ 54

y 2.2

I4~4J~ SdI a 23

LOSC 3
SUM 3.20000D+].

SU MA • 3.20008D+1

TI1~~ a O.8369 14D—]

ANALYTICAL ~ 3.Z0000D+ 1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Case 4.

1
• 

~~~~~~~~ L~

C ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘ 0

~~ PLA~~ ~~~~~~~~~~~~~~~~~~~
IPP L ICI ’  ~ EAL *8 ( A , B , C — P~,~ — l )
I MPLICIT C3MPLEX*16 (CI

csi a OCMPLX (X ,Y I

— DCM PLX (X PT R,XPT I)

~~~ ~ p~~~~~~~~~~~~DENCM ,POW EP,t,NC4 LL I
RESL T * CMUM/~ )ENOM

bq~ *~~CPESL~a DIMAG(CRESLT
• RETU P~END

A L a ] .2 5 D_ 1

POWE R a 1.7D+0

T 8 . D+0

A A . O . 2

• x~~a~~1e.6ll
-

-

LOSC a (&

SUM a (a.?lel5D+o

SUMA — ~e.832~ D+0

TI1€ a O, 85098D—1

• 

• 

ANALYTI CAL • (~.718~.5D+0

96
LA _.__

~~~~~~~~~ -~~
_ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —,--—--•- - ••- .•.- ---•------
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Case 5.

H

SLPROUTINE VALUE (X ,Y , T  AL,tJ V MM~VM
C 1~~1S IS T6BL E E1T~ Y ‘IUM4 E( O~ âF LAP CE TRANSF ORMS BY SPIEGEL

IMPLICIT REAL *8 tA ,8 ,C—~ ,O—Z~IMPLI IT 3MPLEX* 16 (C)
MMMMM a MM~~MM + 1
Z ERO a 0.0+0
CS1 • DCM~ LX(X ,Y)
X P T R a X * T
XPTI a

a L~~MpLX(XPTR,XPTI I
CNJM • CDEX P~CXPT )

CPESL? a CNUM/COEMP4
• U a OREAL (CR ESI TI

V a DIMAG(CRES L TJ
RE T URN

AL • L25D- 1

MMMMM.23
I

LOSC — 5
SUM a 2.71828D+0

SUM • 3.591e? eD+ O

TIME • o.89050D+0
ANALYTICAL a 2.7 1~ 2QD+0

I

________ ~~ •,__
~•l~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ — — •~~~~—— U
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Case 6.

i 
a 1.L3...] = ~~~ ot= 1

~?~°?‘ I~~ BLE L 
T~ HItJ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ BY SPI

Q EAL *8 (~~,.~,O—P ,O-Z )

L
~~~~ CiT

M~~~~~~ X~~o (CI
ZERO • O.D+~)• DCMDLX (X,Y)

• C~L— OCMP LX (AL,Z ERO 3
X TP’~XPTt — Y*T

a DC~4 DLX(X PT R,XP T I)
FMIN • CDEX P(CX PT )

~ ~~NOM
C
~~

L
C~ 3cJ4P~ W ER

• CA~ SL’ a CMUM~C0ENO M
U a ~REAL(CRE SLT)
y a OIMAG (CRESLT )
RETURN• END

AL a ].25D— 1

NPOWER a 3
• T a B . D 4 0

• • A A 0.~

• 
a —4 q 44

• • • .  t4MMMM~~~23

LOSC • 3
SUM • B.69850D+ 1

• SUM a 8.69S65D+ 1

TIME a 0.75?90D— 1
• ANALYTI CAL a 8.69850D+ 1

98. 
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Case 7.

SUBROUTINE VAL’J~ (x ,y , T,A L ,IJ P flWER, U ,V ,M M ~4MM ,NC AL L I
C 1HIS IS TaBLE ENTRY NUMBER 07 OF LAPLACE TRANSFORMS BY SPIEGEL

IMPLICIT R EAL ’S (A  B
IMPLICIT COMPLEX*IL l~

)
• DIME’ISI0~ 14C~ LLt5)MMNMM a MMMMM + 17~ RO a 0.0+0

• DCMPLX (X.Y)
• CS2 • DCMPLX (AL,ZER’33

CS3 • :si — CSZ
a X*T

• ~~~~ : ~~M LX ( X PTP,XPT I )
• CPflM • CDEXP(CX’T )

CALL CPOW ER (CS3,COENCM,POWER ,1 ,NCA LL3

~~~~~~~~~~~~~~~~~V a ~IMAG (CRESLTI

• AL a

POWER a 1.7D+0
T a 8.D+0

AA • 0.3

XI, ~~~~~~~~~~~~~
y’~~

a 2.2

MMJa4Ma23

LO SC a ( o

a 1.28253D+1

SUM a 1.30533D+ 1

• TIME a 0.96928D-1

ANALYTICAL a I.28253D+1



• Case 8.

SUBR~ UT INE V AL J E(X ,Y ,T ,A l~ U,V, MMMMM )
THI S TAB LE ENT RY 08 OF LAPLACE TRANSFORMS BY SP IEGEL1~Ud~MMMMM • MMMMM • I
ZERD’O.O+O
CSaOCM PLX(X ,YJ

• • CAL*)CMPLX(AL ZER0)
CTaDCMPLX (T,Z&~~)CDEN a UC!*CSI+(CAL*CALI)
CEXPa OEXP(CS*CT)
C a CEX PPCDEN

• UO R EAL (
V-DIM * GRETURN
END

• • 

• 
AL a 1.25D-1

• - T a 8 .D+0

Yf
a 2.2

MMMMM 23

LOSC a~ l

• SUM • 6.73]77D+o
SUM a 7.03097D+0

TIME • 0.E629~iD-1

ANALYTICAL - 6.73177D+0

100 •• •
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• Case 9.

..
~~ [ . ]

C ~~~~~~~~~~~~~~~~~~ ‘ ‘LXJ~L~~~~ T~AM SFORMS BY SPIEGELI!~~LI IT REAL*8 (A,b,D—H,~—~J• IMPLICIT ~~MPLEX*16 ~~~ a• MNMMM • MMMMM + I .

ZER)aO.D+0
CS D C M P L X ( X , Y )

• • CALaOCMPLX(A L,ZER3I
~—~:MPLXIT ZER~ I

AL 1.25D—]

• 

• 
T a B . D + O —-
AA O.3

• X . - J 1 . 9 9

IF • 2.3

• MMJ~J a 1 M * 2 l e

• LOSCa5

SUM • 5.40302D—1

SUMA — 2.0001OD+0

TIME — O.11138D+0

ANALYTICAL • 5.110302D-1

• • •

• 101
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Case ~O. -- •

• 

• 

-i 
[(I 

- 
*1

• . 9s ’ 8 L N Y ~~ U E~ L~~~ A~.E TRAN SFIR I4S BY SP I EGEL

• 
JMPL ICIT q E~L*s ( %,8 , D—H, 3—Z )

Z ERO a 0.0.0
• a OCMDLX (X Y)

a DCMPL X ( B~ ,ZER3)
CS3 • DCMPLX (AL,ZERO )

• XD~R a X * r
XPiI a Y*T

• CXPT a XMPLX (XDT~ ,XPT1)CP4UM a COEX P(CXP T )

• ~~~NOM ~~(CS4~~S4 
)+(C$3’CS3)

— CRESL’ a CN~JN/C0E~43M
U a DREAL (CRESLT)• V a DIU*I1(COESLTI
R ETURN

• EtC

AL • 1.25D-]

a ] .25D-1

?a 8 . D + 0
M a  0.3

—

• y~~ a 2.2

$J134$Ma 23

LOSC a

SUM • I . 82988D’ l

• SUM a 1.88117D+1

TIME a 0.70044D-1

• 
• ANALYTICAL a 1.5298BD+ 1

• 102 •
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I
Case II.

c 
4 Y ~~~~~ i L U r ~~~~ E TRAN SF~ PM S BY SPIEGEL

• 
I
~~

LI
~
CIT M~MMML

1
• ZERO — 0.0+0

• CSI a DCMDLXi~,YI
~S2 a DCMDLX(8 E,ZEQ D)

• CS3 a DCMPLX (A L,ZE RO)
- XPT R a X* F

x PTI —
fXPT a OCMPLX (XPTR XP TI)
~ PUM a CS 1—C~2 I*CbEXP (CX0fl

• 
~~~~~~~~~~~~~~~~~~~~~~~~~

CRESL a ~MIJM~CDENO M
U • DREAL (CRESLT)
V a DIMAGV SESLT )

• RETURN
EtC

• 
• AL •

a t.25D-1
• 

• T a 8 D + O

A A a O .M

• y~,- 2.3
MMMMM a 21I 

*

4 •

SUM — 1.~6869D+O

SUM a

TIME • O.7B13OD-]

• ANALYTICAL a 1.1168690+0

.
~~~~~~~ 103 

•.•• .. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~••• • -• ~~~~~
—_  • • . ~~~~•• . ••• • •  ~~~~••~~~~~~~~~~~~~



~~~~~~~

•

~~~~~~~~~~

• • - • •-

~

• .-

~~~~~~~ ~~~~~~~
-

. 

~~-r~
- ~~“2T~ ~~~~~ 1

4

Case ~2.

~tJBROUT INE VALLJ E(X,Y, T,AL,IJ V,4MMMM )
• THIS IS TABLE ENT RY ~JUMBER ~F LA PLACE TRANSFORMS BY SPIEGEL

IMPLICIT RE~.L*8 (A,B,O—f1,O—ZJIMPLICIT CC~MPLEX*I6 (Ci• MMMHM a M’4MMM + 1• ZER~aO.D+O
CSaDCMDLX(X ,y J

• • 
~AL •DCMOLX (AL ZERO)• 
~!a0C1dPLX (7,Z&RiICOEN a ((CS*CS)— (CAL*CAL))cExpa:oEx p(cs *c .rj
C a CEXP/CDEM

• 
•

• . R ETURN
END

AL • 2.2 50— 1

A A — O . 3

$MMMM~~~ 23

H Losc —~~1

SUM a 9.1102620+0

SUM a 9.6l$A~9D+0 •

TIME a 0.106920+0

ANALYTICAL a 9. 1101620+ 0

• 

•

L - _ _ _ _ _ _ _ _ _ _ _ _  —



Case 13. 
- - •

—

• • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TRANSFORMS BY SPIEGEL

1~~~ U2I~~• MMMMM a MMMMM + 1
• ZEROaO.D+0

CSa DCMPLX(X,Y 1
• • 

~ALa0CMPLX (4L ZERO)• ~Ta0CMPLX (T,Z&RQ)• COE N a ( (CS*CS I—(CAL *CAL II
CaCSF OEMr EXP~ CDEX’ (CS *CT )
~aC*C EXP

- U”OREAL (C)
VwDIMAG(C)
RETURN
END

AL 1.ZSD-1

TaB.D+0

MaO.3 •

Xp .~
$.99

MMMMM 2(&

• 
• 

LOSC 5

SUM — 1.5~e3O8D+0

SUM a 2.5211010+0

• 

• 

TIME a 0.851760—2

ANALYTICAL • 1.511308D+ 0 •

105
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• Case 14.

• 

• 

[ta 
- = 

a1uh s~

• SUBROUTINE VALJE (X,Y,T,4L,3E,U,V,MMMMM )
C THI S IS TABLE ENTRY NuMeE~ 14 t~F LADLACE T RANSFORMS BY SPIEGEL

• IMPLICIT . E4L~ 8 (A , ’3 ,O—r ( ,3—Z )
IMPLICIT COMPL EX* 1~ (CI
‘*MMMM a MMMMM + 1
Z EPO — 0.0+0
CSI a DCMPIX IX Y )
CS2 a D C M P L X ( B ~~,ZE’k0)

• CS3 a DCM0 LX ( AL,ZE~V3)
XPTR
XPTI a
~XPT • CCMDLX (XPTR ,XPTI )

• ~WM • COEX P (CXP T I
CS4 a CS 1 — CS2

— COENOM a (CS4*C~4)—(CS3~C~~ I
CRESL P a C~1UM/CDE.MO4
U a ORE A1 (C~ ESL1)V a DIMAG (C RESLT I

• RETURN
END

AL a 1.25D—1

BE — 1.250— 1

T a  8.0+0

M a  0.5

X~ 
a

• YI,
213

LOSC a Ii

• SUM — 2.555620+1

SUM 2.818180+1

TIME •

ANALYTICAL a 2.555623+1

• 
•
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• Case 15.

* 

~~~~~ 

~~ 

gal •‘

SUBROUTINE VALUE(X,Y T,AL ,RE iJ,V,WMMM M)
C THIS iS TABLE ENTRY ~1UM 8ER 1 OF LADLACE TRANSFORMS BY SPIEGEL

IMDLICIT ~. E4L *8 (A,3 .0—il,O—Z )IPPIICI’ CIMPLEX*15 (C)
MM’tMM a MMM MM + 1

• 2ER I a 0.3+0
a D C M P L X (X ,Y1• CSZ a O C MP LX (3~ ,Z ERO)

CS3 a OCMPLX ( AL ,Z EP~D)
XPTR a
XDTI a
CXPT — OCMDLX (XDTR XPTI)CNUP4 a ICSI—CSfl *CbEX p(CX PT )

• ~ S4 $ CS1 — CS2• 
~ OENOM a (~ 54*C5.I- (CS3*C53)
CRE$LT a CNUM/ 3E MOM
U a DP EA L(C DESLT )v a DIMAG (CRESLTI
R ETURN
END

• AL a 1.25D—1

• 
BE a 1.250—1

• ? a S.D+0

u— 0 . 5
X~~a

_11.79

— 2.3

MMJOIM a 24

LOSC 5

SUM 4.194530+0

SUM a 9.635990+0

TIME a O.77740D-1

ANALYTICAL a 4.194530+0

-~~~~~~~~~
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Case 16.

~~~~~ ~ ~

SIER3UT ItE VAL UE(X ,Y ,TgA l . j BE, U ,V ,~ NMNM)
C THIS IS ~A~LE E’ITRY M’JMqER 16 ~F LAPLACE TRAN SFORMS BY SPIEGEL

IM PLICIT REAL’S (A,ó,C—H,3—ZI
• IM P L I C I T  COMPLEX* 16 4 1• MPMMM a NMMMM + 1

Z ERO a
• CS1 DCM PLX(X Y)

• 
• C~2 • DCMPLx(B ~ ,Z ER’~)

CS3 a DCMPLX (AL ,ZEROi
XPTR a X*T

- XP!I at XPT a 0 MPLX XDTR,~~DtI)CMUM — C~EXP(&DT)C S 4 a C S 1  — C53• C S 5 a C S I — C S 2
• COEMOM a CS4*C55

CRESL’ a CNUM/COENOMu a .)REAL (CRE SLT)
V a DIMAG (CR ESLT)
RETURN
END

AL — 1.25D-1

• BE a -1.250-1

T .8.D+0

AA — o . 4

X~~~a .4. 89

• • 
• MMMMM 24

L0SC a~ 4

SUM — 9.1101610+0

• 
• 

SUM • 1.077180+ 1

TIME • 0.7661e8D~1

* ANALYTICAL a 9.401610+0

-
_ _

-.
• •• • 
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Case 17.

• 
~~~ 

•‘~] : “~:r

SUBROUT INE VALJE (X,Y,T,AL 3E j V,’~MMM’i)• THIS IS TAqLE E,4TRY ~IEUW SE~ 
)j 

~F LAPLACE TRANSFORMS BY SPIEGEL
• IMPLICIT R EAL *8 (A ,B ,3— P4 ,O—Z )

• I MPLICIT COMPLEX*16 (CI
MMMMM a MMMMM 4 1
7FR3 a

— O C MP LX (X Y)
• CSZ a OCMPLX (B& ,ZERO)

• C53 a DCMPLX(AL,ZERI )
• XP TR a X*T

• XPII a Y*T
CXPT a OCMDLX (X”T R,XPTI)
C MJM a CS1*CD EX P(CXPTJ

• CDENOM * C 54*C S5
CRESL T a
u a DR EA L(C RES L’ )
V OIMAG (CRESLT)
RETURN

-• • 
• 

END

• AL a 1.25D—1

BE — -1.250-1

• 
• T a S . D+ 0

M a  0.3
• 

• X1, a -4 .99

• ~~~~a 2.3

• $jdJ4 J a M a 2 4

L O S C — 5

SUM a 1.543080+0

SUM — 2.524010+0

TIME a 0.789880—1

ANALYTICAL a 1.511308D+0

I ~~~~~~~~~~~~~~~~~~~~~~~~ 109 
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Case 18.

~ ~
[ ~] — ,in m~ -.tco..~

SUBROUTINE V ALUE (X,Y ,T,AL,U ,V MMMM~ )
C Tb~IS IS TABLE ENT~kY N UMBER 18 3F LAPLACE TRANSF ORMS BY SPIEGEL

IMPLIC 1 REAL ’S (A ,3,C—i ,O—Z )
IMPLICIT CQMPLE X*16 (C)
MMMMM a MMI4MM + 1
Z ERO a 0.0.0
CSI a OC MP L X (X ,YJ
XPTR a X*T
XPTI a

a t~CMPLX (XPTR,XPTj)MS’4 a DEXP(CX PT )
$4 a

CS5 a DCMP LX (AL,ZER!D)
C~6 — CSS*CSSC~ 7 • CS4 + CS6COEN O~ a CST*CSTCRESLT a CMUM/C0E~1OM
U a DREAL (CRESLT)

• v a DIMAG (C RESLT)
~~~ URN

F

AL a 1.25D—1

? 8 .DI0

M a  0.3

Xp a -4.11

IF —

)54M!)l~~a22

LOSC~~~ 2

SUM a 7.709920+1

SUM a 7.7099201

TIME • 0.51870D—1

ANALYTICAL 7.709920+1

I
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• Case 19.

-1 [ :.~] 
_

SUBROU TINE VALUE (X ,Y ,T AL,U,V UMP4MM )

C THIS IS TABLE ENTRY NUI4ER 19 5F LAPLACE TRAN SFORMS 
BY SPIEGEL

IMPLICIT R EAL’S (A,B,O—P~,O—ZII MPLICIT COMPLEX* Io (C)
MMM M~4 a MMMMM + 1
ZERO a 0.0+0
CSI — DCMPLX (X,YI
XPTR • X*T
XP T I a
C XPT a OCMPLX (XPTR,XPTI)
CS3 — CDEX°(CXPT)
CNJM a C514’ CS 3
CS’. a CS 1*CSL
CSS • DC MPLSC (AL,ZE RO )
CS6 — CS5*CS~CS? a CS’. + CS6
CCENOM a CS7*CS7
CRE S~.’ a CMUM~C0E NOM
U a )REAL (CSESLT)

a DIMAG (CRESLT)
• RETURN

H END

AL a ].25D-1

a 8.0+0

M a  0.3

Xp a .4.54

11* 2.2

• 
M M M M J 4 a 2 3

LOSC 3

SUM a 2.692710+1

• 
• 

SUMA a 2.692780+1

TIME a 0.891900— 1

ANALYTICAL 2.692710+1

______________________________________________
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Case 20.

— _ _ _ _ _ _

• SUBROUTINE VALU E (X,Y,T,AL,U,V,MM~ MM)
• C THI S IS TIBLE EN ?RY NU MBER 20 OF LADLACE TRANSFORMS BY SPIEGEL

IMPLICI’ REAL *8 (A B C—M,~I—Z )
IMPLICLT CDMPLEXU1 L~ ~CI
MMIMM a MINMM • 1
ZERO a 0.D+0
CSL a DCMPLX (X,Y)

• CS2 a CS1*CSI
• XPTRaX * ’

XPT a Y*T
• X4 a DCM PLX (X PT R ,X PT Z )
• $3 a CDEXDICXPT)
• N ($4 •

S4 a CS1 CS1
SB a 9CMPLX ( ALt ZE RO )
S6 — S5*CS5
S7 a t$4 + CSô

CDENOM a C~ 7*CS7• CRESL’ a CMUM/COE~4OM
• a DRE AL (CRESLT)

• V a DI MAG (CRESLT)
• RETURN

END

ALal.25D-1

• • ‘ 
Ta8.D+O

A A a O . 3
- 

Xp a . 4 .5 4

• y p a 2 . 2

MMMMM — 23

• LOSC 4
• SUM — 5.527090+0

SUM a 5.895480+0

TIME a 0.60684D—1

ANALYTICAL 5. 527090+0

• ~~~~~~~~~~~~~
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• Case 21.• ~ [~ia r.a141 = 

• 

~~~~

‘ - 

~~~~

SURR~ UTINE VALUE (X,Y,T,&L,U V MMMMM )
• • C THIS JS TABLE EMT~ Y M’JMBER ~L 6F LA~L~CE TRM4SFOPMS BY SPIEGELIMPLI~~IT REAL*8 (A,3,O—H,O—Z)IMDLICIT CI UPLEX * 16 ( C )

• MMMMM a I4MMMM + I
• Z ER3 a 0.0+0

CSL a DCMDLX (X,Y)
• CS1 a DCMDLX (X1Y)• 

- S2 — CS1*CS1*c SI
XP?R a xIT
XPTI a yaT
CXPT a DCMPLX( XPI R, XPTI )

• CS3 a CDEXP (CXPT I
• CNLM a CS2~CS3cs4 • CS1*CS1

C55 a DCMPLX (AL,ZERO )
C56 — CS5~CS5
CS? - CS4 + CS6
COENOM — c~ 7*CS 7

• C~~ SLT a , NUM/COE NOM
• U a DRE* L(C R ESLT)

• V a DIMAG (CRESLT)• RETU~M
• END

AL 1.250-1

Ta8.D+0

AA aO. 3

• • Xp a _11.99

• y1 a 2 ~ 3

MMW4M a 211

• • 
LOSC 5

SUM — 1.19567D— 1 
•

SUMA 1.894810+0

• I - 
TIME a 0.108650+0

• • ANALYTICAL 1.19567D-1

I .



Case 22.

• 

* 

•

• 

x 1[ ~~~a]

• SUBU1U’INE VALUE (X,Y,T AL,U V MMMMM )
THI S JS TABLE ENT RY NU4ER Z~ !~ LAPLACE TRANSFORMS BY SPIEGEL1Th1 ~~~t~~~ t ’ ° ~~PIM MMM * MMMMM + L

• ZER3 a 0.0+0
CS) a DCMO LX (X,Y I

a DCMPLX (AL,ZESO)
X P a

a y*T
CXPI a DCMDLX (XPTR,XPTI)

• CPIJM a ((CSI*CSII — (C52 *C S 2) ) * C O E X P ( C X P T )
C~3 a ((CSI*CSL) + (C52*CS2II
COENOM a C53*CS3

• CRESLI — C W M/COEN’JM
U • DREAL ICRESL ’I
V a DIMAG(CRESLT I• RETJRN
END

AL a 1.250—1

T a B . D + 0

AA a Ø~~3

Xp _M .511

yp a 2.2

MMMMM a23

• • LOSC 4

SUM a 4.322420+0

• 
• 

SUM~ a 4.760000+0

TIME a 0.67210D—1

• ANALYTICAL 4.322420+0
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Case 23.

~ 
[ (i~ 

•~ e uA i(- slnh .e 
-

• 
• 

c rsoVV rB
L T 4 W ~~~~~~~~ACE TRANSFORMS BY SPIEGEL

IMPLICIT °EAL*8 (A,~I,D—H,O—Z)IMPLICIT C3UPLEX~~L6 (LIMMMMI4 a MMMMM I
Z ERO - 0.3+0
CS) a DCMPLX (X,Y)
~~~~R a X * T

• 
~~~~ : ~~~a~~ (X D T R , x P T I ,
~NUM • CDE XP(CXPT)

a CS1tCSI
• 

~~~55 a OCMP LX ( A L , ZER O )
— 

~~~~~~~C DENDM a
CRESL? a CNUM/COEPI3M

a ORE AL (CRESLT)
V a O!MAG (CRESLT)

• RETURN

END

AL a 1.250-1

T a 8.0+0

A A a O . 4

Xp •
• y~~~a Z.2

• MMJ4MJ4aZ3

L O S C a 2

SUM a 9.417710+1

SUM a 9.417710+1

TIME a o.619811D-1

• 
• ANALYTICAL 9, 417710+1

S - • ~~~~~~~~~~~~~~~ -- --~~~~ • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ : ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -•
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Case 24.

• 
• .e~1[~*~

!a)*] 
— g ainhil

• 
- 

• 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TRANSFOR MS BY SPIEGEL
~MPL I . I T  REAt *a ( A

~
B (r$a .3 Z )

MPMMM a ‘4MMMM + 1
• ZERO a 0.0+0

CS) - DCMPLXIX ,Y)
• • X PTR —

- ~p f l a y*?
CX°T a OCMDLX(XPTR,XPTI)
C53 a CDExQ (CXPT I
C NUM a C SI* rS 3

• - CS4 a CS1*C~ 1
• CS5 a DCMPLX (AL, Z ERO )

• CSb a SaC S
CS7 a~~~ 4— ~~S6COENOM a

~ PESLT a
• U — DR EA L ( C~ ES L. ’I • *• v a OIMAG (CRESLT)

• RE’JR M
END

A L a l . 2 5 D — L

T~ 8.0+0

A A a O . 4

Xp a . 1 1.leâl

yp a Z.2

MMI~~~~~a 2 3

LOSCa3

SUM a 3.760640+1

SUP*A a 3,761510+1

TIME a 0.66924D-1

ANALYTICAL 3.760640+1 •
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Case 25.

• ~~ [ Ii~ 
.~.3$ = 

.lnh .e + at  eggh

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TRN4SFO R~ S BY SPIEGEL

i~
p
~i~i~ ~~~~~~~- MMMMM a MMMMM + 1• ZER3 a 0.0+0

CS) a DCMP LX(X,Y )
• 

• C52 — CS1*C SL
• - XOTR a

a
C XP? a D C N P L X ( X P T R , X P T I )
CS3 a COEX D(CXP T )

• 
• 

— ~~~~~~~~~~~~~~~~~~
CS5 a DCMD LX (AL,ZERO )

~fl : 
~S5 CS5

• CO ENOM a CS7*C37
• 

• 
CRESL’ — CNUMFCOE MOM

• • a )REAL (CRESL’)
• V DIMAGICRESLI)

• - RETURN
END

• A L .1 .25D— 1

T a 8.0+0

LA a 0.4

• 
X1 a -4.89

y~~ a 2.3

MMMMM a 24

• L O S C a 4

SUM a 1.087310+1

SUM a 1.208700+1

• • • • TIME a 0.737100-1

ANALYTICAL a 1.087310+1

— — ~~~~~~~~~~~~~~~~~~~ ~~~H ~~~~~~~~ _• • •~~~~~ •_•~~~
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• Case 26.

~~~ 

[

~~.i~~
’
.a~a I = Cosh .t + 4.4 sinh aS

SUB R~ UTINE VALUE (X,Y,T,AL,’J,V,MMMM’S)
C THIS IS ‘ARL E ENT~ Y MU M~~R 26 OF L ADL A C E  TRAN SFORM S BY SPIEGEL

i MPLICIT REAL’S IA,B,C—h,3—ZI
IMOLICIT :ONPLEx* Lo (CI

• 
• MIMMM a MMNMM + 1

• ZERO a 0.0+0
CS) a DC MPLX (X ,Y )
CS2 a CSI*CSI*CS 1

• XPTR a
• XPTI — yaT

CXPT a 0C~ OLX (X PT R , X D T I I
CS3 a CDEXP (CXPT)
C~&JM a CS2~CS3
~S4 a C51*CSI
~S5 

a DCMPLXtAL ,ZERO)
CS6 C55*CS5
CS7 a ~$4 — C36

• • CDEN3M a C C7*CS7
CRESLT a CMUMfCO€M~M

• U a DRE AL (CRESLT)
a OIM AG (C R E~ LT)

RETURN
• E ND

a 1.250—1

T a  8.0+0

AL a 0,4

a -4 .89

• Y1~~~~
2.3

MMM~UVI a 24

L O S C a 5
• 

• 

SUM a 2.130680+0

SUM — 11.309080+0

TIME - 0.194900+0

ANALYT IC AL 2.130680+0

~~~~~~~~ -

•
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-

~~~~~~~~~ ~~~~~~~~~~~~ ~~T~~’~2- TT~

• Case 27.

_ _  t ccsbaC

SUB~3UTINE VALUE (X,Y,T,AL,U,V,MMM’4M)C THIS IS TABLE E~T~Y NU4~ E~. 27 3F L~ °LACE TRANSFORMS BY SPIEGELIMPLICIT RE AL’S (A ,3,D—l ,J— Z)
IMPLICIT C 1’IPLEX*Lo (C)
MMMMM a MMMMM + )
ZERO a 0.0+0
~S1 

a 
~ ‘4°LX(*,Y)a O~ ’4PLX IAL ,ZER’13

XPfl a X* T
X°TI a Y$T
~XPT a CC’4 D X ( X P T R , X D T I )
~NIM a ( IC S ’I*CSI) + (CS2~CS2fl*C0EXP CxPTI
CS3 • ((CS1CSL) — (CS2*C52))

• DENOM a C53*CS3
~RESLT a C NUMI~~~~ M0M

• U a DR EAL(r~ ESLT)• V a DIMAG (CRESLT)
• RETURN

I 
END

• 4

• .

AL a 1.250—1

8.0+0

Ma  0.4

f Xp a .4.89

Yp 2 .3

~3~3~~J4 a 24

• • LOSC 4
• SUM a 1.234460+ 1

SUM — 1.340230+1

• TIME a 0.650780-1

ANALYTICAL 1.234460+1

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • -~~



I ~ Case 28.

:1 • -1 
-[ 

L_]  = ~-a~eq sInat 3.i* roa~4

1 1 4
.

• 
S OUT I N

~8~~
L

T~~~~ k’ ACE TRAN SFORMS BY SPI EGEL

IMP L I C I’  P E A L’S  ( A ,8 , C lI,O Z I

IMP LIC IT  CIMDL E X* 16 ( C)

MW M M M — 1JMM MM + 1
ZERO a 0.0+0
~S1 

a DCMPLX (X .Y)
X PIR~~~ X~

T

~~~~~~ : ~CM PLX (XPTR,XPTI )
C N J M  a COEX P(CX PT )

a CS1*CS1
• CS5 DCM ?LX (AL,ZERO )

CS6 a C S5 *C S 5

~~~~~~~~~~~~~~~~~~~~~~
CRESLT a CNUM/COENOM

• a )REAL (CRE SLT)
V a DIMAG (C !~ESLT)RETURN
END -

AL 1.25D—1

T 8.0+0

A A — 0 .4

• x1— -3.6
y~~a 2.O

• MMMMM 21

- 
LOSC .2

SUM a 2.540960+2

SUM 2.8911480+2

• TIME a 0.504140—1

ANALYTICAL a 2.540960+2

120
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Case 29.
_i 

[(4  
:.~ 
] 

— nina’ ~~~~~ ~ ..e

SUBROUTINE VALUE (X,Y,T,*L,LI,V,MMM~~#)C THIS IS TABLE E~JT~ Y N UMBER 29 OF LAPLACE TRANSF ORMS BY SPIEGEL
• IMPLICIT RE~L*8 (A,8,D—i~,i—Z I

I MPLICIT :‘DMPLEx*Le (CI
- MMM~4M a MM4~4M + ).

• Z ERO a 0.0+3• CS 1 — D C’4 Q L X (X , Y )
XPTR a
XPTI a Y*T
C XP T a OC~!PLX(XP ~~~,X0T I)

* CS3 a CD EX D( CX DT )
C MJM — CS I~ CS3
CS’. a CS1*~ S1CS5 a DCM DLX (aL ,ZER O )

• CS6 a CS5*CS5
CS7 CS’. + CSo
CDEN3M a C57*C57*CS7
CRE SL T a CNUM/CO E NON
u a 0~ EA L(C ’ ESL T )
V a DIMA G(CRE$LT I• RET (JR N
END

AL a 1.250—1

T a 8.0+0

M — 0.3

a -4.11

yp a 2.l

)lJiJ,1JAj4a 22

L C S C a 3

SUM a 1.541980+2

• 4 
• SUM a 1.667580+2

TIME a 0.561472D—1

• ANALYTICAL • 1.541980+2

•-~ i 

•~• --• •- ••~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ ~~~~~~~~~~~~~~~~~~~~~ - - • — ——— —~~~~ • •
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Case 30.

• ~~~ 

[ 
(s~ +•~~ =

I 

•

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
TP AN SFORMS BY SPIEGEL

i~~i~1~ ~~~~~~~~~~MPMNM a Mt4MMM + I
ZER3 a 0.0+0
CS). a DCMPLX(X,Y)
CSZ — CS1*CSL

• XPT~ a X~T• XDT 1 a
CXPT a DCMPLX (XPTR,XPTI)
C53 a COEXP (CXPI)

MJM a CS2*C5 3• ES’. a CS1*CSI
CS5 a OCMDLX (AL,ZESO)

• CS6 a CS5*C55
C~ 7 • CS’. + CS6
~0ENt1M a CS7 * CS 7 * CS7
CRESL’ a CNUM/C3ENO’4
U a )REALICRE SJ.T)• V a DIMAG (CRESLT)
R ETURN
END

• I •

AL a 1.250— 1

T a  8 0+0

M~~~0.3

• Xp a _iI .11

• Yp 2.l

MMIWMM 2 2

L O S C a 2  •

• SUM — 7.312890+1

SUM a 7.312890+1

• • TIME a 0.571220—1

ANALYTICAL a 7.31299D+t

Li 
• 

- 

122 
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• Case 31.

• 
H • 

�~
‘ ‘ 
[ ‘

~
‘
~~I 

3C ,i..4I.t~~o..4

SUMOUT INE VALU E (X,Y, T,4L,U,V,MMMMM)
C THIS IS ‘ARLE E’4TRY NUM8ER 31 OP LAPLACE TPANSF~)RMS BY SPIEGELI MP L I C I T  ~~~L’$8 (A,B O—H,0—Z)

IMDLIC IT COMDL EX S Io (CI
MMMMM • MMMMM + 1
ZE R~ —CS) . — DC’4°LX (X ,Y )
CS2 a CS1*CSL~CSI
XDT~ a X*T
X P?I —CXP1’ a X ’ IPLX (X PT R,X PTI)
CS3 - CDEX~~( rX DT )
CtAIM a CS2*CS3
C!’. a CS 1’~CS 1
CS5 a 0C M~~LX (AL ,ZE R31

• CSo a CS5~~ S5
CS7 a CS’. + CSo
C0E~”~M a C~ 7*CS7*CS7• C RESL~ — C~~UM/C~ c;~OM

• u a OR E AL (CR FSL ’)
• V a OIMA G (C RESL T )• RETURN

- 

END

• AL a 1.250-1

T a 8.0+0

AA O.3

• 
- Xp a

yp a 2.2

• • MMR W~~a23

LOSCa3

SUM a 2.I$5177D+1

• 
~

• SUMA a 2. 451840+1

TIME a 0.605540.1

• ANAL YT ICA L a 2. 451773+)

~~~ ~~~~~~~~~~~~~ ---- • -•~~~
•
~~~~~~~~ ~~~~~~~~~~~ —• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Case 32.

—

~~ [ 
~ 

]• = 
— .~~~ ~~. ~~ + ~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TRAN SFOR MS BY SPI EGEL
IMPI.ICI’ REAL’S (A, 3,C—h ,O—Z)
IMPLICIT CO MPLEX~ 16 (C)MMMMM a MMMM U + 1

SO a 0 0+0
a DCM PLX (X Y)

C52 a CS 1*CSI*~SL*CSL
XPTR a X*!
XPTI a Y*T
CXPT a OCMOIX (XPTR,XPTL)
C S3 — CDExP ( CXPT )

• C NUM a CS2*CS3• c~4 — CS1*CS1
( 5 a DCMD LX (AL,ZEROI

a C~5*~ S5

~~~~~~~~~~~~~~~~~~~~~~~
• CRESL? — C’WM/C3~~NOM

u a )RE AL (CR ESL )
v a DIMA GI C~ ESLT )
RE’ .1 RN
END

AL a 1.250— 1

• Ta8.D+0

AA~~~ 0.3

Xp * _4.54

LOSC 4

SUM a 14.384450+0
• 

SUM — 4.830480+0

TIME a 6.75480—2

ANALYTICAL a 4.354450+0

12
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Case 33.
1 [ ,$ ( $— .~t~~ comet — ?sI iinat

SUBROUTINE VALUE (x ,y ,r AL,J v
C THIS IS  TA B L E E~1TRY NUM~ER 3~ ~IF LAPLACE TRANSFOR MS BY SPIEGEL

IMPLICIT RE AL’S (A,B,O—h,3 Z)
I MPLICIT C3MPLEX~ 16 (C)
‘4’4MMM a MM~IMM + j
ZERO a 0.0+0
CS) a 9cMPLX ( x Y)

• .S1*CS1*t~SL*CS1~CS1.
X S a
XP a y**1

a OCMPLX(X PT R,XP TI )
CS3 a CDEXO (CXP )
C NUM a CS2*CS3

• CS4 • CS1~CS1CS5 a OCMPLX (AL ,ZERO )
Cc6 a ~55*CS5S 7 a  CS’. + CS6

(1 CD€NOM a c~ 7*CS7*C! 7
CRESI T a MUMICOENJM
U a ~R EA L ( ( ~~E~LT 1
v a DIMAG (~~RESLT)
A ETJRM
END

AL a 1.250—1

H • 
?—8.D+O

AA O.3

x~~a -11.99

MMMMM a 211

SUM a —2.635230-1 -

SUM • 1.819143D+0

• TIME a 6.7411114D-2

• AN ALYTICAL a .4,63523D—1

- • • -~~- •-—- -~- • -- -•- ••-
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Case 34.

= (‘sinus

SUBROUTINE VALUE (* ,y ,.,AL,U,V,~ Mt4M~a)
C THIS IS TABLE ENTRY NUMBER 34 OF LAPLACE TRANSFORMS BY SPIEGEL

IMPLICIT REAL’S (A,3,O.Ii,O~Z)
IMPLICI’ COMPLEX* 16 (CI
MWMMM — M M M M M  • ~,ZFRO * 0.0+0

a OC MPLX (X,Y)
CS2 a DtMDCX (AL,ZERO )
XPTR a
XPTI a
CXPT a OCMDLX (XPTR XDTI)
C NUM a ((3.O,O*(CS1*CS1))_ (CS2*CS2))*CDEXP(~~~ T I
CS3 a (CS1’ Sl) a (CS2*CSZ)
COENOM a C%3*CS3*CS3
CRES’-T a C~4IJM/CDENO MU a ~~EAL1r PESLT)V a 0IMAG (~ RESLT)R ETURN
END

AL a 1.250-1

T a  8.0+0

A A aO .4 
-

a ..4•1I4

a 2.2

N M M M M a 2 3

LOSCa2

SUM a 2.15417D+2

SUM a 2.154170+2

TIME a o.678311D_1

ANALYTICAL a 2.151470+2

•_-__~~~~~~~ ._•~~~~~_• 126 
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Case 35.

• 
~~~~ 

[
~I 

= 
•

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TRAN SFORM S BY SPIEGEL
IMPLICIT REAL*8 (A,8 ,O—H,Q--Z)
IMPLICIT CIMPLEX*16 (C)
MNMMM a MMNMM + 1
ZERO a 0.3+0
CS). - OC M DLX (X ,Y )
CR a DCMPLX (AL ,ZERO)
XP1R a
XPT a Val
: ~~~~ J~~~LD+o*CSL*C52*C$2,)*CDExP(CxPT)S — (CS *CSL + (C52*CS2I
:

a DREAL (CPESL’)
V a DIMAG(CRESLT)
RETURN
END

ALa1,25D.1

T — 8.0+0

AL a 0.3

Xp a . 1 1 -.54

yp a 2.2

MMIO!M • 23

LOSC a 3

SUM a 1.728970+1
SUM a 1.7290~40+1

TIME a 8,44740.2

ANALYTICAL — 1.728970+ 1

127
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Case 36.

~ 
~~~ 

~
] = 4~ 

comaS

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TRANSFORMS BY SPIEGEL
IM~L1~~1’ RE

1
AL’S t*,B,~ — H,O—ZI

IMPLICIT COMPLEX* Lb (C )
MVMMM a MM~ MM

-
• 

t~~~
O

a
a 

~~~~iX,y)
C52 a SC MPLX(AL ,ZE RO )

a CS1~ CS1~ C’1~ C~ 1
a o.~ +O~~-S,~*:S2*CSL*CSICSS — CS2*CS2*CS2~ CS2

xp4t•R • x*TIPTI a Y*T
~XP? a OCMPLX (XP’R XPTI)
CNIP4 a 1CS3_CS4+C S~ )*CDEXP(CXP’)CS6 a ( tCS1*CSI) + (C52$CS2) )
CDENOM a CS6*C3~,*Ce6*CS6• 
~RESLT 

a CNUM~C~ EN3M• • I) — DREAL (CRESLTI
V a DIMAG (CSESLT) -
RET UR N
END

AL a 1.250—1 •

T a  8.0+0

• 
- M aO.4

Xp a .4.44

7~~
a 2.2

• 
M M M M M a 2 3

I0SC 2

SUM a 4.610580+1

• SUM • 4.610580+1

TIME a 0.734240-1 •

ANALYTICAL a 4.610580+1

128 
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Case 37.

= (‘sInai

SUB~~ UTIME VALUE ~~~~~~~~~~~~~~~~~~~• C ‘HIS IS TABLE E 4~ RY NOIBER 3? OF LA PLACE TRANSFORM S BY S~ IEGE L

~~~~MNMMM a MMMMM + I
• 2E50 —

• ~ 5). 
a DC’4PLX(X,Y)

ZERO)

ZR? ’ a Y*Tcx~t a DCMPLX (X P~~R xP’II
C~~JM a (V SI*çSl*Cli) — (CS2 *CS2 *CS I)) *C DEX P(CX PT)
CS3 a ((C~ 1*C~ Li + (CS2~CS2)Ia CS3SCS3*C53*CS3
~RESLT 

a CMUM IC~ EMD M
U a DQEAL(CPESL T
V — DIMAG(CR.ESI.T

• ~E~URM

A L a l .2 5 D_ 1  •

Ta8.D+0 
-

M a o . ’
.4. 01

LOSC a~~
SUM a 1.436110+2 •

SUM a1.144005D+ 2

TIME a 0 6869W-i

ANALYTICAL — 1.436110+2

~~~~~~~~~~~~~~~~~~~ ~~~~~~~



• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~
-‘

~ ~~~~~~~~~~~~~~~~~~~~~ -~~ ~ ~~r— ~~
-
~~~~ ~~~~~~~~~~~ 

— —- ~~

Case 38. 
-

_~~ 

~~~~~~~ = (3+ a’t’) sInhal -  3.5 osha

SUBROU’INE VALU! (X,V ,T, AL ,U,V, ’SNMM’4 )
C THIS IS TABLt E-4T RY NUMBER 38 OF LAPLACE TRAI4SFORMS BY SPIEGEL

IIDLICIT PEAL ’S (A,’ ,O—H,O-Z )
IMPLICIT CcIM~LEX*Lo (CI
MMMM A a MMMMM + I
ZERO a 0.0+0
CSI — OC’4R LX(X,Y )
XPt~~a X ~ T

a Y*T
CXI4 a CCMPLX ( X PTR, X ~ 1I)
CNUM a CDE X~ ’C~(PTI
CS6 a C I*CS L• 

~5 a 0 MPU(A L,ZE RO J
•

~~~~EN0I1 a ~~5 7*CS7*CS7
CRE SIT a CNUM/CDENO M
U a 0REAL (CRE~LT)X a Q iMAG(CRE

~
LT)

AL a 1.250—1

T a  8.0+0

4 
- 

- A A a O .11

• — -11.01

• • yp 2.1

• $3~!JMJjJ,(a 2 2

LOSC 2

SUM a 2.931220+2
- SUM a 3.6711910+2

J TIME a 0.483340— 1

ANALYTICAL a 2.931220+2
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Case 39.

—1 [ a ]  

= .tm co.~ s I

SUB~OU INE VALUE (X,Y, T,AL,U,V,~1MMMM)C THIS IS ABLE EN1’~ Y N UMBER 39 CF LA PL A CE TR A4 SFO RM S BY SPIEGEL• IMPLI IT RE’~L~ 8 (A ,B  0—11,3—I)
IMPLICI C’4°LEX*I6 IC)
MP~MMM a MMI4MM + 1
ZER O a
CS1 a DC M0 LX (X,Y j
XP !R a

• XPTI a
CXPT a
C53 a COEXP(CXPTI
C”#JM a CS1~~ S3• I CS4 a CSl~ CS1
CS, a DCMPLX(A L,ZERO I• C~~ - CS5*CS5
C~~~aC S 4 — C ~6CDEN3M a C57~CS7~CS7
CRESL’ a CMUM~ COE~lOM

• U a DREAL (CRESLT)
a )IMAG (CRESLTI

• RE”JSNE ND

i
AL a 1.25D—1

Ta8.D+O

AL a 0.4

yr
a 2.l

~ iJjI~~)a 2 2

LOSC 3
• SUM a 1.883540+2

SUM a 1.891950+2

T IME a 0.487500-1

• - ANALYTICAL a 1.883540+2

• - ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • •~—• - — • • —— ~~~~~~~~~~~~~~~~~~~~~~~ • -— ———~~~~ -• ~~~~~~~~~~~~~~~~~~~~~ -
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Case 1,0.

—1. = 
uS eush *t + 1) sinhaS

SLMOUTINE VA LUE (X,Y,T AL,U V MMMWM )
C tillS IS T~ eLE E 4TRY M UM ~ !R 46 fr LA~LACE TRAN SFORM S BY SPIEGEL

IMPLICI’ REAL*I3 (A,8,O—I~,O ZI
IMPLI IT OMPLE X*16 (C)
MMMMM a MMMMM a 1
ZERO a 0.0+0

a DCMPLX (X,Y)
CS2 a cSl*CS 1
XPTR a
XPTI a Y~T
CXPT a DCM ’LX (XPTR,XPTI)
CS3 a CDEX P( CX PT I

• C P&IM —
CS’. a CSI*CS1.
CS5 a DCMDLX (AL ,ZERO )
CS6 a C~5*tS5CS? a C~ 4 — CS6
C OEMOM a C S7*CS7*CS7
CPESL? a CN,JM/C3EM !1M

• - (J a QSEAL (C RESLT)
a DIMAG (C RE SLT)

RETURN
• E ND

AL a 1.25D—1

? — 8 . D + 0

AA 0.4 -

Xp a .11.44

y~~ a 2.2

MMMMMa23

L O S Ca 2

SUM a 9.875720+1

SUM a 9.875720+1

• TIME a 0.52520-1

• ANALYTICAL a 9.87572041

132
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Case 141 .

‘ 
[ i

~~i:~~

] 

It slnh at + 11* comA at

C THIS JS TABLE E’I’RY NUMBER 41 OF LAPLACE TRANSFORMS BY SPIEGE L
IMPLI~~IT REAL’S LA ,3,0—H,O—Z)• IMPLICIT C0’4PLEX~~16 (Ci
MMMM M * MM M M M + 1
ZERO a 0.D+O
CS1 a OCMPLX(X,YI
CS2 a CSI*CS1*C SI
X DT R a
XPT T
C XPt a DCM0 LX(X PT R ,XPTI)
CS3 a CDEXP(rXPT)
CHiN — rc2*C53
CS4 a C~~1*C S1
CS, - DCM~~LX ( 4L,ZERO )
CS6 a C55*CS5
CS7 a CS’. — C56
COEN3M a CS7*CS7*CS7
CRE SL? a C9UM~C0EM3M• U a DREAL (CRESLT)

a 0 I M A G ( C R E $ L T ~
~E~URN

AL a 1.25D—1

T — 8 . D 4 - 0 •

4 
- -“•~~‘

~~~
a 2.2

MMMMM 23

LOSC 3

~UM a 4.054950+1

SUM a 4.055820+1
• TIME a 0.53508D—3.

• 
- 

ANALYTICAL a 4.054950+1

133
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• 
• Case 42.

- 

~~ ~~~~~~~ ~~~~~~ 
— (3 + a’S2) sinh at + Sat comA at

SUBROUTINE VALUE (X,Y ,T,AL,U,V,MMP~MM )
C THIS IS ‘-~BLE E’~lTRY MUM9ER 42 ZIP LAPLACE TRAN SF~ RM S BY SPI EGEL

IMPLICIT REAL’S (A,B,0—l’,’)Z)
• IMOLI 1T ~ OMPLEXS 16 (C)
I MMMMM -~M~~M + 1

• Y ERO a 0.0+3
a OCMPLX (X,Y)

- 1 • • CS2 a CS1*CSI*CSL*CS 1
I X P T R a X~I XPTI a YST

a DCM0LX (X~~ R,X PTI3
CS3 — CO EX P(CX PT I
CNU’4 a CS2*CS3
CS4 a C~ 1*CS1

I CS5 a DCMPLXI AL.,ZEROI
• CSo - CS5~~~S5

• CS7 a C S 4 — C $ 6
COEMO M a CS T*CS 7 ~C S 7
CRESLT a C~4UM/C D~ OM

• u a DREAL (C RESLT , -
- V a OIMAG (CP~ESLT)- RE’URN

- 

END

- • AL a 1.250-1

Ta  8.0+0

• U a O . 4

- 
4 

a ..4.89

y
~
, a 2.3

F!jsflMJAJE a 2 4

LOSCa4

• • SUM a 1.211162D+1

SUMA a 1.348240+1

TIME a 0.582400-1
ANALYTICAL a 1.241620+1

h 
-—-
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• 134 
•



1LC~~~~~~~~~~~~~ ~~~~~~~~~ 
__.___.r _ w

~ 
- r~~~~~ — * , ”~~~ - - ~

- -
• •

— ,— —- — 
,.•- 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—- —-—- ——— _______

_ 
—• 

- - - -  _ _

• 
• 1 •

Case 43.

• i~ 

[
~~~~~~
j  

(3 + ~2(’) cash at + lat limb at

SUBROUTINE VALU E (X,Y,T,AL,U,V,MMMMM)
C THIS IS TABLE ENTRY NUMBER 43 OF LAPLACE TRANSFORMS BY SPIEGEL

IMPLICIT REAL ’S (A , B ,C— I- ,t1—Z )
• IMPLICIT COMOLEX*16 (C)MMMMM a ‘4M 4 MM a 1

Z ERO a 0 .0+0
a OCMPLX (X Y)

- CS2 a CS1*CS1*~ S1*CS1*CS1
X P T R a X*T

* XPTI a Y*1
CXPT a CCMDLX (XPTR,XPTI)
CS3 a CDEX~ (CXP’)- - CN I J 4  a CS2*CS3

a S~~ P L)flAL,ZERO)
CS6 a CS5~CS5
C57 a CS’. — CS6

• COENOM a CS7*CS7~ CS7
CRESL T a

- a DREALICRESLTI
v a DIMA€ (CRESLT)
RETURN
END

AL 1.250—1 —

?a8.D#0

LA 0.11-

Xp a _4.89

j y~~~a 2 . 3

-
• MMJ474Ma24

LOSCa5

SUM a 2.764270+0

- SUM a 4.732610+0

TIME a 0.62920D—1
- 

ANALYTICAL a 2.764270+0

~1 .

II
Il L _____  
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• 
• Case 44 .

• 1 
[!! ~ta

2j 
(‘ulnh.t

SUBROUTINE VAL~JE (X,Y ,T , AL, U,V , MMMMM)
C THIS 1$ TAÔLE ENTRY NUMBER 44 flF LAPLACE TRANSF )RMS BY SPIEGEL

IMPLICIT ~ E~L*8 (A ,B,0—H,1- Z )
IMPLICIT COMPL~X* 16 (C)

• IIM*4MM a M~ MMM + I
a 0.3+0

C!1 DC M P LX(X ,Y )
- I 

• CS2 a DCMP LX (AL ,ZERO)
XP T R a

a
* CX P t a OCMPLX (XOTR,XDTI )

CHiN a ((3.D+0*(C~ 1*CS 1))+ (CS2*CS2))*C0EXP(CXPT)

CRESL’ a CNUM~ _OEI~4~~a OR EA L(C RESLT )
V a DIMAG(CRESLT)
RE’URN
END

-AL a 1.25D. 1

T a  8.0+0

- AA 0.4

Xp a.4.44

~ ? 
a 2,2

MMMMM 2 3

LO S C a 2

• SUM a 3.008520+2

SUMA a 3.008520+2

j • TIME — 0.550420-1

ANALYTICAL a 3,008520+2
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Case 45.

• = 452 b.t

• SUBROUTINE VALU E (X ,Y ,T,4L,U,V,MMMMM )
C THIS IS TABLE ENT RY N’JMBER 45 OF LAPLACE TRANSFORMS BY SPIEGEL

IMPLICIT QE.L*8 (A ,B,~~—I.,~I—Z)
I MPLICIT COMPLEX* Lo (CI
MMM 4M a MM MU M a 1 -

ERO a
Si a DCMOLX (X,YI

a
XP?R a X*T
XPTI a
CX°T a OC MD LX(X PTR 1X PTI)
C1JM a ((CSI*CSl*C~LI+ (3.3+0*CS1*CS2~~52 *C0 f

~~~
u)

CS3 a (CSI*CSII — (CS2*CS2 )
• COEMOM a CS 3*CS3*C~ 3CRESLT a ~~~~~~~~~~~

U a QPEA L(CR ES LT )
V • DIMAG (C RESLT )
RETURN
END

AL a 1.250—1

T . 8 .D i 0

AL — 0.4

— -4.44

a 2.2

MMMMM 23

j,~SC a 3

SUM a 4.937860+1

SUM a 4.938920+1

TIME a 0.577720—1

ANALYTICAL a 4.937860+1

137
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Case 46.

~ = 

•

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TRA NSFORMS BY SPIEGEL
INPLICIT Q EAL*3 (A , 3 , 0— 1 , 1—Z)
I MPLICIT CT~PLEX*Lb (CIMI(MMM a MMMMM a 1

a• 
~Si a OCMDLX (X,Y )• - 52 a DCMP LX(~~l..,ZERD)C53 a CSI*CSI*C L*CS L
CS’. a 6.D+O*CS2’C 32*CSI CS1
CS5 a CS2~CS2~CS2~CS2
XPTR a X*T
XPTI a
CXPT a OCMPLX (XPTR XPTI)
CNJM — (Cs3+CS4.cS~~)*~ aEx~ (Cx PT)CS6 a ((CSI*C SI) (C52*CSZII
CDEMO!4 a C56*CS6*CS6*CS6
~RESLT 

a CNI~M~ CDEN3M
U a QPEAL (C~ E5LT)v a DIUAG (S~RESLT)RETU R N
END 

-

AL — 1.250- i

T a  8.0+0

AA 0.4

y~~a 2.2

MMIO~M a 2 3

LOSC a 2

SUM 1.316760+ 2

• SUM — 1.316760+2

TIME a 0.656760— ].

ANALYTICAL a 1.316760+ 2

__________________  
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Case 47.

_ _

SUBROUTINE VALUE (X,Y,T,AL,1J V M M M M M )

C THIS IS TABLE EIT RY NUMSER 4~ 3F LAPLACE TRAPISFIRM S BY SPI EGE L
IM~L1~~ 1 ~

EAL*8 (A,3~ O H ,fl Z )

MMMMM a MMMMM + I
ZERO a 0.D+0
CS1 a DCMPLXIX,Y)
CS2 a DCMPL.X(AL, ZE~)J
XP 1R a

a Y*I
a CCMDLX (XPT R XPTI)

CHiN a ~icsi*csi*ch~ • 1C52*CS2*CS1I)*CDEXP (CXPT )
~~~ PIOM~ 

(C ,~~~~ , CS2))

CRESLT a NUM /COENO M
a DREAL (CRESLT)

• 
~ETU~4
END -

• AL a 1.250—i

• T a 8 . D + 0

• X F a _ 4 .Ol

- Yp a 2.1

~13I$j47~( a 2 2

LOSC 3

• 
- 

SUM a 2.005680+2

SUMA a 2.017960+2 
•

TIME a 0.558220—1

ANALYTICAL a 2.005680+2

A ~~~~~~~~~~~~~~~~~~~~~~~~~ • - • -
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Case 48.

~~ [~+~] = - ~~~nI

SL6ROUTINE VALUE tX ,Y, T,~~L ,U,V ,MM MMM I

C THI S IS TABLE ENTR Y NUMBER 48 OF LA PLACE TRANSFORMS BY SPIEGEL
IMPLICIT REAL ’S (4,R,C—1-~,O—Z)IM PLICIT COMPLEX*16 (C)
MM’IMN a MM’4MM a I
ZERO • 0.0+0
CSL a DCMPLX (X,YI
XPTR —

a Y*T
tXPT a DCMPLX X’TR,XPTI)
~NUM a CDEXPU!XPT)
CS’. a CS1*CSL *CSI

• - 
~$5 

a OCM~ LX(4L ZERO)• C56 — CS5 *CS5~~~~5
CDENOM a CS’. a CSo
CRESL T a MUM/C3E NOM

a OR E AL (CP ESLT)
v a DIMAG (CRESLT)• R ETL~ N

-
- END

AL a 3.25D—1

Ta8.D+O

AA~~~ 0.4

Xp —

~~~~~~~a2 3

• LOSC a 3

SUM a 3.146830+1

• SUM a 3.147670+1 - •

TIME a 0, 489580-1

ANALYTICAL a 3.146830+2

:~

• • • • •  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~~~ •~~~~~~~~~•__-•_______
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Case 49.
-1 

[~+~] 
+

TRANSFOR MS BY SPIEGEL

CIT M~~~ M + L
ZERO a 0.0+0
CSi a OCMPLX(X.Y)
XPTQ a X*T

- I  

~~~ : ~cMpLx (xpTR,xpTI)~L$3 - COEXP((~XPT)
~NUM a C5i*C~3a C S1*C51*CSL
~S5 

a DCMP LX (AL,ZERO )• 
~S6 a CS5~ CS5~C~ 5*~f1~P4OM a S4 a .Só
UESL~ 

a CMJM/C0E~IOM• U a )REAL (CRESL )
V a OIMAG (CRESLT)
RF~.IRN
END

• • I 
—

AL a 1.250—1

T a 8 . D + 0 
-

LA a

• —4.54

a 2.2

I O T M I 4 M — 2 3

L O S C a 4

SUM a 7.668250+0

SUM a 7.923260+0

TIME a 0.524160—1

• ANALYTICAL a 7.668250+0 

~~~~~~~~~~~
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• Case 50.

• 

• 

x 1[7~~~
]

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TRANSFORMS BY SPIEGEL

— IMOLT 1T REAL * 8 (A . 8 ~ D—H~ O..Z)

• MMMI4M a MMMM M ~ 1.
ZERO a 0.0+0
CSI a DCM~LX (X,Y)a ~$I*cS1XPTR a X*T
XP T I a yST
CXPT • OCM PLX (XPTR ,XPTI )

• CS3 - COEXP(CXPTJ• CHiN a CS2*Ct3
C54 a ~~51*C5 *~~$~• CS5 a OCMDLX (AL,ZER3)a CS5*Cc5*C~ 3
CDENOM a S4 4
CRESL’ a CPIUM/CDEMOM

• • a OREALLCRESLT)
• V a DIMAG (CRESLT)

RETJ RN
END

• a

- S

AL 1.250—1
- 

T . 8 . D + 0

LA a 0.4

X~~~a 4.89

• 
y~~~ a 2 ~~3

MI4MMMa24
-

- 

LOSCa5

• SUM a 8.347200—1

SUM — 3.888180+0

- 
TIME a 0.557960—1

ANALYTICAL a 8.34720D—1

I • 

- 

-
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Case 51.

SUBROUT INE VALUE (X,Y,T,&L,U V,MMMWM )
C THIS JS ARLE ENT RY NUMBER 5L OF LAPLACE T RANSFORMS BY SPIEGE L

~
MPL

~~ j~ 
REALi (t.B(P~

Hl3_Z)

MMMNM a MMMMM 4 1
ZE~~~~ 

a 0.3+0

XPTI a
X~T - OC’SPLX (XDTR,XPTI)
MJM a CDEX P(CXPT )
54 a
$5 a DCMPLX (AL ,ZERO I
56 — CS5 CSS*C55
DEPI~M a c54 — CS6
PESLT a C’IUMfCDENOM
U • ORE AL (CRESLT)
V • OI MAG(C~ ESLT)* ~~~JRN

• • i

AL a 1.250—1

T a B . D + 0

AA O.4

Yp a 2.2

$y4
~
iJ
~~~

a23

• LOSC 3

SUM a 3 25349D+].

• * 5~JMA 
a 3.254340+1 •

TIME — 0.612040—1

- 

- - ANALYTICAL — 3.253490+1

~~~~~~~~~~~~
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I

• Case 5Z.

I

CUBROUTIME VALU E (X ,Y ,~~,AL,U V MMMI4~~)
c * ? IS IS TA BLE ENTRY NUMBER 5~ ÔF LAPLACE TRANSFORMS BY SPIEGEL

• IriPLICIT ~ EtL*8 (A,B,3 H,-)Z )
I MPLICIT CflMPLcX*I6 IC)
MMMMM a W4MMM + 1

- 
• ZERO a 0.3+0

CSI~ 
a

XPT~ 
a X *T

XPT ! a
• çx°t a DCMPLX (XPTR,XPTI)a CD~ XP ( CX DT )  -

CHiN a CSi*CS 3
CS’. aC55 • D~MPLX (AL ZERO )CS6 a CS5*CS5*C~5rDENOM r ~~~ — ~ S6
~RESLT — ~~1UM /C 5EI OM
U DREALICRESLI)
V — DIMAG(CRE SLT)
RETURP~END

AL — 1.25D—] .

Ta8.D+O

A A a O .4

X? 
a -4.89

- 7F
a 2 ’3

M M M M M a 2 4

L O S Ca4

SUM • 8.334920+0

SUNk a 9.862830+0 j
TIM! — 0.674180—1

• ANALYTICAL a 8.334920+ 0

_________  
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• Case 53.

-.1 [
~
] = I (- ÷

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TRAN SFORM S BY SPIEGEL

I
MDLICIT R E A L * 8 ( 4 ~ 3~~ —N~ 0—Z )

MMMMM - MMMMM + I• ZER O a 0.3+0
CS1 a DCI PLX (X,Y)
CSZ a CSL*CSI• XPTR a X*T

• VaT
CxPT a OC MDLX (X PiR,X P~~IICS3 a C D E X P ( C X P T I
CHiN • CS 2* C5 3• CS’. a CS1~ C 1 ~ CS1CS5 a DCMPLX(A L,ZER O )
Cc6 — C!5*CS5*CS5
COENOM a C54 — C56 *• 
CRESI T a CNIJ’4 /C3E IOM
u a D RE A L( C PES L T )

V a D (MA~(CRES LTJ
RETURN
LID

AL a 1.250-1

T a  8.0+0

MaO .3

Yp — 2.3
- 

MMJ~IMMa24

~~ S C a 5

SUM a 1.168060+0

• SUNk a 2.253730+0

TIME a 0.702000-1

ANALYTICAL a 1.168060+0

Jill_ i ~~-
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Case 54.
* 

_ _  

~~~~~~~st -cas.t~~~ks~

SUBROUT INE VALUE ( X ,Y , T,AL,U,V, MMMMM )
C THIS IS ABLE ET RY N J~ BEq 54 OF LA~LACE TRA’1SF~RMS BY SPIEGELI~~ LI IT REAL’S IA,?I,0—i1,3—Z)

IMPLICIT rnMDLExsLb (CI
MMMMM a MMMMN 4 1
ZERO - 0.0+ 0
CS1 a DCMOLX (X,Y1
XPTR a X*T• XPTI a Y*T
CXPT a OCMDLX (XPt R,XOTI)
CNIJ4 a CDEXP(CXPTI
CS’. a CS1*CSI*CSI*CSI
CS5 a DCMP LX(AL .ZER OI
CS6 a 4.D+O*(C$5~C55*CS5*CS5)• CDENO M a cS4 + CSo
CRE SLT a CMUMICDENOM

a OREAL (CRESLT)
V • DIMAG (CRESLT)

• RETURN
END

AL a 1.250-1

T a 8 , D + 0

AL a 0.4

a

a 2.2

MMMJc14—23

L O S Ca 2

SUM — 8.492720+1

• SUNk a 8.492720+1

111€ a 0.677820—1

ANALYTICAL a 8.492720+1

• . - 146
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Case 55.

• 
I 

• ‘ [ :~] = ~~~mes~~~~~

- 

SUBR~OUTINE VALUE (X,Y,T,4t.,IJ,V,MMMWM )- C THIS jS TABLE EN T RY 9 tJMB E ~ 55 iF LADLACE TRAN SFORMS BY SPIEGE L• 1 i.c11 ~~~~~~~MMMNM • MMMMM + I• ZERO a 0.D+O
CSL a DC M O LX (X ,Y 3
XPTR a

• XPTI a y *T
CXPT a OCMPLX (XPTR,XPTI)
t~ $3 • C DEX P(CXP T J
~~ N(J4 a CS1~CS3• CS’. • CS1*CS1*CSL~CSI

• CSS a DCMPLXIAL,LEROJ
t56 4.3+O*(CS5*CS5*CSS*CS5)
tOENOM a Cc4 + cs~CRE SL T a CNUM/CDEMOM

a DREAL (CRESLT)
• V — OZN.*GICRESLT)

R ETURNEND

-~~ 

- 

AL — 1.250—1

• T a 8.D4 0

Xy 
a

— 2.2

MMMMM 23

LOSC a 3

SUM a 3.164470+] .

SUMA a 3.165320+1

TIME a 0.59358D—1
- ANALYTICAL a 3.164470+1

I
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Case 56.

- - ir_.1
‘~‘~~~ L~ ‘~J = ~~ (s1n at eo.b at + cos at stab at)

SUBROUTINE VALUE (X , Y ,7 AL,U, V MUMUM )
C tHIS IS TAPLE ENTRY NtJM~~EP 56 LAPLACE TRANSF~2RMS BY SP IEGEL

IMOLICIT ~ E~L*8 (A,B,~~ M,O—Z)
IMPLICI! ~~MpLE (*Lo (C)• NMMMM a MMMMM 4 1
ZER O a 0.01-0
CS1 a DCMPLX (X,Y)

• CSZ - CSI”CSL
XPTR a
XPT1 a Y*T
CXPT — DCMPLX( XPTR, XPTI )
CS3 a CDEXP (CXPT)
CN LFI a CS2*C S3
CS’. — CS1*~-S 1*CSI* S1

• - CS5 a DCMPLX (AL,ZER)J
CS6 a 4.D4 O*(CS5*C$54CSS*CS5)
COEN1M a C54 + CS6
CPESLT a CNUM/CDEUOMa )R EAL(C RESL ?)
V a DIMAG (CRESLT )I RETURN
END

AL 1.250— 1
- T a 8 . D + O

-~~ MaO.4
1 

a .4.89

-
~~

LOSC — 4

SUM — 7.733690+0

SUNk a 9.23)640+0

• TIME • 0.7620~D-1

• 
• 

ANALYTICAL a 7.733690+0

J
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Case 57.

~ 
~~~~~ = ass st costa at

SUBR~ UT INE VALJE (X,Y,T,AL,U,V,MMMMM)
C THIS IS ABL E ENT RY NUMBER 57 OF LAPLACE TRAN SFORMS BY SPIEGEL

IMPLICI T RE4L*8 (A,3 ,3—M,O—Z)
IMOLICIT I~~’4PLEX*16 (C)I4NMMM — MMMMM 4 1

• ZERO a 0.0+0
CS1 • 0CM~ L X ( X , Y )
CS2 a C51*CS1 *CS1

• XPTR X*T
XPT I a Y* ’
C XPT a DCMPLX (XPTR,XPTI)
CS3 — C OEX P( CXPT)
CMJ M a C52*CS 3
CS’. a CS1~ C~~1*CS1*CSI
CS5 a DCMPLX( A L ,ZE RO )
CS6 a 4 .Q+O* (CS j*~ 55*C55*C$53
COENOM a CS’. + CS6
CRESL — C’I IJM/COENOM
U — DREAL (C ~~ESL? I
V a DI MAG (CRESLT)
RET JRN
END

AL • 1.250-1

LA a 0.4

Xp a -4.89

y~~ a 2.3

a 211

• LOSC a S

SUM a 8.337300-1

SUNk a 3,852320+0
• 

TIME a 0.82576D—1

* ANALYTICAL a 8.337300-1

H 
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Case 58.

- 

=

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~ LAPLACE TRANSFORMS BY SPIEGEL
• I MPLICIT REAL*8 (A,B,C—h,O—Z )

IMPLICIT ~ lUPLEX* 16 (C)
MMMMM — M4MMM 4 I

• ZERO a 0.0+0
CSI a DCMDLX (X,Y)
X P T R
XPTI a
CXPT a DCMPLX (XPTR,XPTI)
CNUM a CD EX P(CX~ T I
••S4 a CS1*CS1*CSI*C~~1a DCMO LX(AL t ZE R~CS6 a CS5*CSS*C~ 5*CS
CDEMOM a CS’. —
CRESL — CNUM~ C3EMOMU a DREAL (CRE $LT)v a OIMAG(CRESLT )

* 
RETURN
END

AL — 1.250-1

T a  8.0+0

AL a 0.11

-

M M M M M a 2 3

L O SC a 2

SUM a 8.543490+1

SUMA • 8.5434900+ 1

TIME a 0.711490D—].

ANALYTIC AL a 8.5431’9D+ 1

.• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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- Case 59.
* 

- = ~~j(costaat -

• SL~ROUTIME VALUE (X,Y, ’ AL,U V MMMMM )
C ~ I1iS IS TABLE ~NT’Y 1UMI~EQ 5~ ~F LAP LACE TRAN SFORMS BY SPIEGEL

I MPLICIT REAL*8 (A,8,)—h, iZ)
IM’LICIT CDMO LEX* lb ( C )
M~ MMM a MMMMM 4

• 7ERO a 0.0+0
~S1 a OCMPLX( X, Y)
X P ’ R a X * T
XPT IaY * T
C XDT a DCM~ LX (XPTR,XPTIIC53 a CDEXP (CXPTI
CN(J4 a CS1*CS3
C54 a CSI*CS1*CSL*CSI
CS5 a DCMPLX(AL,ZERO)
CSÔ • S5*CS5*CS5*CS5
COEMOM a CS’. — CS~

• CRE SL T — CMUM/COENO M
U DR EA L( C RESLT )
v a DIMAG (CRESLI)
RETURN
END

• 
AL * 1.250—1

T a  8.0+0

LA a 0.3

4 a ..4~54

a 2.2

• MMMMI4 23
• • LOSCa3

SUM a 3.208890+1

• 
SUNk — 3.208970+1

TIME a 0.783900-1

• • ANALYTICAL a 3.208890+1

_____ - • ~~~~~ • • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • • • ~~~~~~~~~~~~~~~~~~~~~~~ • • ~~~~~
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• Case 60.

• 
~~~~~ 

= j~~ tatauut + ala at)

SUBROUTINE VALUE (X,Y,T,~ L,U,V ,MMM~ 1)
C THI S IS TABLE ENTRY NUMBER 60 ~F LAPLACE TRANSFORMS BY SPIEGELIMPLICIT RE*L*8 (A, R,0—I ,O—Z )

IMPLICIT CO MPLEX*16 (CI
MMMMM a ‘IMMMM + I

• Z ERO a
a OCMPLX (X,Y)

C52 a CS1*CSI
XtTR a
XPTI — Y*T
CXPT - OCM P LX(X PT R,XP T I)
C53 a COEXD (CXPT) -

CNIJ~ a CS2*CS3
CS4 a CS1*’~S1*CSI1-CS1
CS5 a DCMP LX (A L ,LE RD)
C56 a CS5 1-CS5*C 55*CS5
CDEP4~M a CS4 — C56
CRESLI a CNUM~ C0EMO M

• U • O PEAL (C R ESLT )
V a DIMAG (C RESLT )

• RETUR N
END

AL a 1.25D—1

- T a 8 . D i . 0

• Ua O.3

• X •~ 4.54
7 a 2.2

MMMMM a 23

- 
LOSC 4

SUM a 8.066690+0

SUNk — 8.32767 0+0

TIME — 0.876720—1

ANALYTICAL a 8.066690+ 0

—— — -- - —•———•• ~~~~~~~~~~~ —~~~~~~~—-•- . — - -•a • - • •~~~~• — ______ ._•  - •.•
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Case 61. • -

-~ 

~1[~r!~1 ~frts~ .t + cos .g~

SUB~~UT IME VALUE (x,Y,T,AL,U,V,MMMMM)
C THIS JS TABL E ENT RY NUMBER 61 OF LA °LACE TRAN SFORMS BY SPIEGE L

IMOLI..!T REAL*8 (A,B,D—H,0—Z3
IMPLICIT rOMPLEXaIo (C)
MPMMM a MMMMM + 1
ZERO a 0.0+0
CSZ a 0CM~’LX (X Vi• CS2 a CS1*CS1*~S1
XPTR a X*T
XP.!I •
CXPT a DCMPLXIXPTR,XP?IJ
C53 a CDEXP (CXPT)
C HiN a CS2*CS3
CS’. a CS1*CS1*CS1 *CSICS5 a DCMO LXUL,ZESO )
CSb a CS5*CSS*CS5*CS5
COEMO M a CS4 —

CRESLI a ~~IUMICDEN0M
U a DREAL(C RESL’ I• V a DIMAG (CRE SLT)
RETURN
END

- •  

. 

. 

t
AL a 1.250—1 •

* 

• 

- Ta8.D+0 -

AL a 0.3

Xp - _ 11.99

• y~~ a 2.3

M M M M M a 2 4

LOSC 5 •

• • SUM a 1.0141690+0

SUNk a 2.183260+0

TIME a 0.933140-1

ANALYTICAL - 1.041690+0

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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• Case 62.

•L~ 
=

SUBROUT INE VALUE IX, Y, T, AL, RE, U, V, MMMMM, ?~CALL)C THIS JS A PLE E*1~~DY NUMBE ° 62 OF LA~L&CE TR ANSFORMS BY SPIEGEL• IMPLI IT REAL’S (A,B,D—H,3—Z)
IMOLICIT ~D’~DLEX* l6 (C)DIMENS ION M’ ALL (S )

• MMMMM a MP4M’4M + I
ZERO a 0.3+0

• a DCM PLX (X, YI
a OC MPLX(AL,ZEROI

CS3 a DCMPLX ( BE,ZERO)
XPTR a
XPT~ a VaT
CXDT a 0CM0LX (X~TQ ,XPTI3CNUM COE XP(CXPTI
CS’. • CSI + CS2

L~ 2 L C ~~~~ER ~~
3
S4,CS6 ,5.0—L,1,NCa LLJ

CALL rDOW( R (C$5 2 CS7,5.D— I,2,NCALL)
~0ENOM a CS6 + C~ 7RES T a C NUI4/CDc MOM
U a DREAL (C R CSL?
V a DIMAG (CR~SLrRETL~~4H END

AL a 1.250—1
• 

a —1.250-1
- • 

I •

AA aO. 3

X7
a~~4.52

y,
a 2.2

M M M I i I M a 2 3

L O S C a 5

H SUM — 1.172090—1

SUNk a 6.508800-1

TIME a 0.138010+0

• ANALYTICAL a 1.172090-1

154
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• Case 63. -1 [
~‘~1 = ~~~

SUEROUT IME VALUE IX, V, T, AL. , U, V. ‘4MMMM, 1ICALLI
C THIS IS TABLE ENT RY NUMBER 63 OF LA~LACE TRAN SFORMS BY SP IEGEL

IMOLIrIT RE AL’S (A,B,Q—H,O—Z)I PPLI~ I’ C~ MPL.EX*16 (CI• DIMENSION NCALL (5 3
MMMMM a MM~~~U + 1
7 RO a 0.0+0

— DC N°LX(X,Y)
CS2 a DCMPLX (AL,ZER3)
XPTR a
XPT a

• ~~~~ 
a ~CMPLX (XP R,XpTX)

• CMJ M a t~DEX p(CX j)!)
C53 a C~~L + CSZ
CALL CPOW ER (CS3, C54,5.D—1, 1,NCA LLI
COENOM a CSI*CS4
CRESL T a CMt~’/C )EMOM

a DREAL (CRESLT I
V — DI MAG(CRESLT)
RETiJ~ N• END

AL a 1.250— 1

T a  8.0+0

ALa 0.2

a -4.611
7F

2 2

MI~4MM • 23

LOSCa5

SUM a 2.383520+0

SUNk a 2.647360+0

TIME a 0.852020— 1

ANALYTIC
~
t a 2.383520+0

• •

•

_ _  - • - - - -----— •-~~ • •  _._~~~~~~~~__  _~~~~~~(__-•-
~~~~~
--_
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Case 64. 
—ir  * 1 — _ _ _ _ _

• 
~~~~~ L”~~ 

—

$LBROUT I?E VALUE (X, Y, 7, AL, U, V. ~M~ MM , NCALL)
C THIS IS TABL E ENTRY NUMBER 64 OF LAPLACE TRANSFORMS BY SPIEGEL

f MPLI~~JT REAL’S (A,3,C—I ~,O—Z)MP~I~ I COMPLEX* 16 (C )
• DIM MS 1CM 9( ALL (5)

MMMMM a M4MMM + I
ZERO a 0.0+0
CSI a OCMPLX (X,Y)
CS2 — DCMPLX (AL,ZE RO)
X P R  a X*T
XPTI a

• CXPT a DCM0LX (XPTR,X~ TI)
• CNUM a COEXP(CXPT )

~~~~
LaC

~~ YE~ 
(CSL , C5 3 ,5 .D— L ,1 ,NCAL L1

COEMO M a CS3*CS4
CRESL ? a CPIUM/CDE MOM
U a )REAL(CRESL T)
V — DIM AG (CO ESLTIRETURN
END

AL a 1.250—1

Ta8.D+O

Ak a 0.11.

X
1

a _ Ii.44

Y~~~
a 2.2

1OIMMM a 23

L0SC—5
• SUM a 6.1179070+0

SUNk — 8.568020+0

TIME a 0.975520-1 
•

ANALYTICAL a 6.479070+0

- _ _
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Case 65. -‘l. _____

~~~ [~~
_

~
-]
~ = 4l’

{;~~~~~

- ês~”.rfc~~IT)}

SL8ROUTINF VALUE IX, Y, I AL, BE, U, V MMMMM P4CALL)
C THIS IS ‘ABLE ENT RY NUM3E4 65 OF LAPLAC& TRAN S?ORMS BY SPIEGEL

IMPLICIT REAL*8 IA,8,C—ii ,O—Z)
IMPLICIT C~ MDLEX* 16 (C)
DIMENS ION MCALL (53
M~ 4MM a MMMMM + 1

£03 a 0.3+0
~ S1 a DC’4PLXIX,YI
CU a ~CMP LX (AL,ZERO)C~~ a 3CM°LX( BE,ZERO )

a X*T
XPTI a Y*Ta flrMDLX (XDTR,XPTI)• 
~ KUM a 

~~D EX P( ~~~XPT )

~~~~~~~~~~ ~id4 CSS, 5.O—1, 1,NCALLI
CDkNOM a CS3 + C~ 5
CRESL T a CNUMFCDENDM
U a gREAL(CRESLT )
V — IMAG(CRE~,LTJ

• END

AL a 1.250-1

3! a 3.535533906D~1

1’ a 8.0+0

• • AA a O.3

a 2.2

a 23
• LO S C a 5

SUM a 1.312860—1

SUNk a 9.058490-1

TIME 9.01160—2

ANALYTICAL 1.31286D- 1
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Case 66.

~~~~ 

[
~

] J•(Qt)

• •

SU8~ 3UT 19E VALUE (X i  Y , T A L,  U, V MMMMM NCALL)
C THIS JS TABLE EIT RY I

~ UMBE~ 66 OF LAkACE ThNSFORM S BY SPIEGEL
IMPLI- IT REAL’S (A, B,D— H ,O Z )
IMPLICIT rIMPLEX*16 ( C )
DIMENS ION MCALL (51

• I MMMMM a MMNMM + I
ZERO a 0.0+0
C~~ 

a OCMPLX (X,Y )
a DCMPLX(A L ,ZEW3

• X R a X * T  •

a Y*T
CXPT a DCMPLX( XPIR, XPII )
CNJ M a CDEXD (CXPT I

• CS3 a (CS1~ CSI ) + VS2*CS2)
CALL CPOW E~ (CS3 ,C3 0M ,5.~~ L,1,NC*LL1
CRESLI a CNUM,COENOM
U a DPEAL (CRESLT)
V a DIMAG(CRES LT )

• 

RETURN

- 
• 

•
• • 

•

AL a 1.250—1

T a  8.0+0

• A A aO .2

4 
a ..4.611-

• 
-

MMMMM a 23
LOSC 5

SUM a 7.65198D-1

• SUM a 1.229160+0

TIME a 0.91286D-1 •

• ANALYTICAL — 7.651980-1

158
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Case 67. 
___  I~(.t)

SUBROUTINE VALUE IX , Y ,  I, AL, U, V,  MMMMM, NCA LL I
C THIS IS TABLE ENT RY NUMBER 67 OF LAPLACE TRANSFORMS BY SPIEGELj I IMPLICIT PEAL*a (A ,B, C—H , 9— Z 3

DIME%ISIOM ‘IC A L L( 5)
MMMMM — MMI4NM + 1

• ZERO — 0.0+0
J CSI a DCMPLX(X,Y)

CS2 — OCMPLX IAL ,ZERO)
XPTR a X*T
XPII a Y*T• CXPT a OCMOLX (XPTR ,XP?I3
CHUM a CDE XP (CXPT)
f~53 • (C$ 1~ CS1) — (CS24 ’C SZ )
CALL CPCWER (C53,CCENOM,5.0—L,l,MCALLI
CRESI T a rNUM/COEMOM

a DDEAL(CQESLI)
a D1MAGICRESLT)

~~~U RM

AL • 1.250—1

T a 8.0+0

AL • 0.3

• 4 a_ 4 . 9 9
• 2.3

• M 7 4 M M J 4 a 2 4

• LOSC 5

SUM a 1.266070+0

SUNk a 2.~ 1O?6D+0

TIME a 0.102910+0

ANALYTICAL a 1.266070+0

LA 
159
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Case 68. 
—i a). 

* > _~~~~~ = .SJ~(at)

P 1 8 L r~~ N~~RI~ ~~~~~~~ C~~
’T N ~~ 3R~~ 

NCALL)
GE

• IMPLICIT REA L *8 A,3,D—H,O—Z )
IV PLICLT C~ MPL EX*16 ( C )
D IMENSION MCA LL- (5) -

•
MMMMM a M M M M M + 1

RO a 0.3+0
a OCMPLXIX,Y )

• CS2 a DCMD LX (A L,Z ERO )
XPTR a

a VaT• CXO? a CCW’LX (XPTR,XPTI)• I CS3 a (cSl*CSLI + (C52*CS2 1
CAL L CPO%~E~ (CS3,CDE MCM,5 .D—I ,1,NCALLJ
CS4 a (COENOM — CSI)**MP’~’4ER
CHUM a CS4 * CD EX P( CX ~~T)
ORE SL’ — CNU M/ C0~~M0M
U a DREA L(C° ESLT I
V a DIMA G(CR ESL T3

- REIJOM
END

‘
~ I AL • 1.250—1

NPOWER 3

Ta  8.0+0

AA~~~ 0.4

4*4 . 16

y~~•1.6

• JI!jd~4 y 4 a 1 7
LOSCa1

SUM a 3.820960—5

SUNk a 3.820960.5

TIME a 0.8122110_i

• ANALYTICAL a 3.820900-i

_________________



9

-~~ I

Case 69 ~~ —1 [~
_
~,~E.

2). 
s >—] ~~

1 SUBROUT INE VALU E IX, Y, T AL, NDI1WER , U, V 1 M~~MMM, NCALL)
C THI S IS TA BLE ENTRY NUMBE& 89 OF LAPLAC E TRANSFORMS BY SPIEGEL

1 IMPL I IT QEAL*8 (A,s,0—K,O—Z)
- I’~PLICIT C1IPL EX*Io (C I

DIMENSION NCAL L(5)
a M”MMM + 1

Z ERO a 0.0+0
C SI a I)~~IqPLX(~~~,y)
CS2 a 0C’4DLX(AL ,ZE~ O)- XPTR — X*~I XPTI a Y*T
CXPT a CC’4P IX (X DTP.,XDTn

• CS3 a (CSl*CS1) — ( C~2*CS2ICALL CPOW ER (CS3 ,C DEN~~M ,5 .D—1 ,1,NCALL)
cs ’. a (CSI —
CH UM a CS4* CD~ X P( CX °T)
~PESL T — ‘J UM /CD EN)M• U a DREA L(C R ESLT I
V DLMAGICR ESLT )• RETJRN

— E PID

- 

AL • i.25D-1

H N P O W E R = 3

? 8.D+ 0

AA 0.4

5 a —2.16

• y a l . 6

MMMMM a 17

- L OS Ca 1

• SUM = 4.329790—5

SUMA • 1&.32979D_5 
•

• 

- 
TIME a 0.7116723_i

AN?~LYT ICAL a 14 .329770_S

_ _ _ _ _ _ _ _ _ _ _ _  _ _ _  

161 
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I Case 70. —1r.~.-~~~i — ____

c.~~
’ L ~~~~~~~ J 

— J.~oVt(~ + 2b))

1 
•

• • SIJBRO’J I1IE VALUE IX , V I LI,  SE U V MMMM N NCALL)
I C THIS IS TABLE ENTRY NU~’BE~ 73 OF 

LAPLAC L T RANS FOR MS BY SPIEGEL
• IMPLICIT R E ~L*8 (A , B,O— H ,3— Z )
• II~PLlCIT C’~ iPLEX*16 IC)

DIMENSION NC.A LLL5I
-• 

• 
MMM MM a M4MMM + 1
ZERO a 0.0+0
CSI a OCMPLX (X,Y)

— DCMPLX ( AL ,ZE~~~
)

- CS3 a DCMP LX ( B E,Z ERO)
x p R = x * r
XPT I a VaT
C XPT a OC M DLX (XPTR,X PTI )
CS’. (CSI*CSL) + LCSZ S CS2 )
CALL CPCWEP (CS 4,CDEN ]M,5.D—l,1,MCALLI
CS5 a (~~51 

— CDE1J~4 I* CS3
CNUM CDEXD (CSS)*CDEXP (CXDT)
CRESLT a CMI .,M/C3ENO 4
U a )R EA L(CSE SL T)
V a OLMAG (CRESL1I
RETURN

I 
ENO

AL a 1.25D—3.

BE a —1.250—1

H T = 8 . D + 0

AA O.2

• a -14.64
y
~ 

a 2.2

MMMMM a 23

LOSC 5

• ~ SUM a 7.72088D-1

- SUM a 1.234850+0

- 

TIME a 0.829140-1

LI 
• 

ANALYTICAL a 7.72088D—1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —
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• Case 71. —
~~~ 

r .~!f!1 — ~~~~~~~ ‘>4

cZ’ L~~~~J — •1~o

- 

- ~~~~~~~~~~~~~~~~~~~~~~~~~ 
I
~~

E
LA

I
~LA~~ ~~~~~~~ SPIEGEL

IMPLI~~IT REAL *8 
(A,S,D—M,3—Z )

IMPL1CI1’ COMPLEX* IÔ (C I
• DIMENSION NCALLI5)

MMMMM a MMMMM + 1
ERO 0.0+0

a OCMPLX( X, Y)
CU a DCMDLX (AL2ZERI)• a DCMPLX(— Bc,ZE ROJ
XPTR a X*T
XPT a~~~~*T• • CXP i~ — DCMDLXIXPT R,XP T I )
~S4 a (CS 1~CSI) + (C5 2* ( S2)
CALL CPOWE R (CS4 ,c DtMC M ,5.3 L,L ,M~~~~

L)

CRESL~ a CM~JM/C0ENiM

~• - RETJRN
I END

- 

• 
- A L a i .2 5 D—1

BE — —1.250—i

• 

- TaB.D+0

AA aO. 2

- 5 a -14.64
- 

~F 2 2

- 
-

- 
L O S C a 5

• SUM a 7.652520-1

- SUNk a 1.246900+0
-

• TIME a o.866580-i
• • • A NALYTICAL - 7.652520-1

- 

.:- 
163
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Case 72. r 1
—

~~ 
I 1 I — *J~( t )

• SUBROUTINE VALUE IX, Y, T , ~L, U, V. MMMMM, NC4LL)
C THIS IS TABLE EM’RY NUMRER 72 OF LAPLACE TRANSFORMS BY SPIEGEL

IMPLICIT qEIL*8 IA,3 ,D—l t ,01 )
IMPLICIT CO MPLEX*L6 (C)
DIMENSION NCALL (5)

• MMMMM a MMMMM + I
ZERO a 0.0+0

a
XP’ I a Y*T• C XPT — DCMPLX (XPTR,XP’FI)
CNUM • CDE XD (CXP’)
X REAL a (X*X ) — (VaY I + IAL*A L)
X IMAG a 2 .D+3*X*Y
C51 a DCMDLX (XR EAL,XIMAG )
CS2 a C 1*Cfl*CSL

• CAL L C4b~ER (CS 2, COENCW, 5.3—1, 1, NCALL)CRESLI a C~lUIAFCOEMOMu a OREAL (CRES LT)
a OIMAG (CRE SLT)

RETURN
END

AL • 1.250-i

T a  8.040

Ak a 0.14
• X~~~a ..4 .44 -

4a 2.2
• M M M M M a 2 3

L O S C a 3

SUM — 2.816320+1

- 
SUNk — 2.~ 17150+1

TIM! a 0.1i476D+ 0

ANALYTICAL a 2.816320+1

1

_ _ _ _ _ _ _ _ _ _ _ _ _ _  
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Case 73. - - 
- -

•

• 
- 

.1 
~~~~ 

—

<• I
SUBROUTINE VALUE CX , V. I, .~L, If , V, MMNMM, NCALL )

C THIS IS TABLE ENTR Y PlUMBER 73 OF LAPLACE TRANSFnRMS BY SPIEGEL

i MPLICIT REAL*8 (~~,B,C P,il)
• I MPLI~~IT OMPLEX*16 (C~

D1’EMSIO’~ 
M CA L L ( 5)

• • MI’MMM a MMMMM + 1
ZER O a 0.0+0

• CSI — DC401X (X,Y)
XPTR a

- XPTI a
CXPT a DCMPLX (XDTR,XDTI)

- CS2 a CDEX P(CX PT )
CHUM a CSI*CS2
XREAL a (X*X ) — (Y*Y ) + (AL ~~L)XIMAG a 2.D+O*X*Y
CS3 • DC MO LX (X REA L ,X IMA G)

- 
• 

- CS’. a CS3*CS3~ CS3CALL CPO%~ER (C54. C3ENCf~
, 5.0—1 , 1, NCALL )

• 
- CRESLT — CNUM/COENOM

• 
• - U — DREA L( C RES P~T )

‘4 a OI MAG (C RESL T )
- • - 

RETURN
E ND

• - • AL 1.250~~

- T - 8 . D + 0

- - 
- A A a O . 1 1 .

-
- X~~~a _ 4 .89

• Yp = 2.3

- • ~t~ 4f4p~~a~~4
• 

• LOSC~~~4

• SUM — 6.121580+0

SUNk a 8.349980+0

• TIME a 0.126200+0

ANALYTICAL a 6.i2i5~D+0
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- 
Case 7~. —1 

~~~~~~ 
J,(ad) —

• - 
SUBROUTINE VALUE IX, Y, ~~, AL, Ii , V, MMMMM , NCA LL)

C THIS IS T~ RLE EITRY N UMBER 74 OF LA PLAC E TRANSFORMS BY SPIEGEL
i MPLICIT REAL ’S (A,S,0—1,D-Z)
~,MPL1C I! CDMDLEX* 16 (C I
IMcNSION MI~~LL (5)• MMMMM a MMMMM + 1

ZERO a 0.0+0
CSI — DCMOLX (X,Y)
XPTR a X*T
XPTI • Y*I

a CCM0LX (XPTR,X~ TI)CS2 • COEXP(CXPT)
C53 a CS1*V S1
C HiN a C52*CS 3
XREAL a (XI X) — ( yty) + (ALGAL )

• X IMAG a 2.D+0*X*Y
CS4 a DCMPLX (XRE&L,XIMA I
CS5 a C54~ CS4~~ S4
CALl. CPOUER ICSS, COEMOM , S.D— i, 1, MCALL )
CRE SL — CN(JM/COE NOM
U a 3QEA L IC~ E SL TI
V a DIMAG( CR~ SLT)R ETURN
END

AL a 1.250—1

T a 8.0+0

LA aO .14

• Xp 
a

— 2.3

a 214

L0SC~~~~5

SUM a 3.251470—1

a 3.725470+0

TIME — 0.107720+ 0

ANALYTICAL - 3.251470-i

166 
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Case 75.

-
- 

-

•

~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~ BY SPIEGEL
• IMPLI~~1T REAL*8 (A ,a ,3— ~I,O— Z

• IMDLICI~ CIMOLEXILo (C)
DIMENS ION NCALL (5 )
MM’4MM a MMMMM + 1
Z ERO a 0.0+0
XPTR a
XPT! a
CXD? a MD X (X PIR ,XDTI )
CHUM a ~~EX~ (CXPT )

- XPEAL a (X*X) — (Y s Y )  — (ALGAL )
X IMAG a
CII a DCM0L X(~~ EAL,XI MAG )

~0ENOM , 5.0—1, 1, MCALL)• CRE S_ 1 a CNUM/CD~ MO.~4
• SJ a DQELL (C~ ESLT

• V a OIMAG (CRESL.T
• RETURN

END

• AL 1.250-1

- I  •

• AA O.5

• X~~ — -1e.3J4

Y~~~~
2 •2

MWMMM 23

L O S C a 3
- SUM a 3.617020+1

SUNk a 3.6381460+1

- 

TIME a 0.110890+0 •

ANALYTICAL a 3.617020+ 1 

-• - -• ~~~~~—~~~~~~~~-- ~~~~~~~~~~~~ -—• • _ _ _ _ _ _ _ _ _ _ _
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Case 76.
—~2. 
[~

_
~)3l~J

• • 
SUBR CWT IME VAL!JE CX,  Y, I, AL, U, V. MMNMM, ‘ICALL)• 

- C THI S IS TABLE EN7RY NUMBER 76 OF LADLACE TRANSFORMS BY SPIEGEL
IMPLI IT REAL’S (A,B,D—H,O—L )
IMPLItIT C34~LEX~ i6 (C)DIP~~MSI ON NCAI.L(51
MMMMM a MMMMM + I
ZERO a 0.0+0
C Si a DC MPL XI X, Y)
XPTR •
XPTI a
C W T  a DCMD LX(X PTR,XPTI )
CU CD EX ° (CX PT I
CNUM a CS1~ CS2
XREAL a (XIX) — (ysy) — (AL IA L)

• X IMAG a 2.D4O*X *Y
C53 a DC14PLX (XREAL,XIMAG)
CS’. a CS3*CS3*CS3

- CALL CPOW ER (CS4, CCENI3M, 5.0—1, 1, MCALLI
a CMUM /CDENQM

U a 0RE&(C~ ESLT)V a OIMAG (CRESLI)
RE TtR NEND

AL a

• • - T a 8.0+0
AA aO . 5

X~~~~ —M .79

Y,
a 2.3

- - 

MMM 2I4

• LOSC a ZI

SUM a 1.012850+ 1

SUM a 1.522180+1

- • TIME — 0.132500+ 0
• ANALYTICAL1 • 1.012850+1

• • •~~ - -•-• • • -•— •- • •- •-—-—•‘ ---••——-•- -•- •- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • •-.-•• - — - •-•-•—•—• -•- ••-•- • -- • • -• • • •-• - -••~ — •—••--•— •• -••— —•~~—• -••- ••— --••-• - —-•-• ——-
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Case 77.
1 [(1 I = 1,1.’) + it I~ (‘at)

SUBROUTINE VALUE CX , Y, I AL, U, ‘4, MMMMM ‘ICALL )

C THIS IS  TA BLE E~1TRY MIJ M~~E~~ 
77 OF LAPLACE T~ ANSF~~RMS BY SPIEGEL

IMPLICIT ~ EAL *8 (A,B,0— ~ ,!’Z)
IMPLICIT CO IPLEX*16 (CI

- DIME’ISION Mr.A LL (5 )
MNMMM a M’4 MMM + I

• ZERO a 0.0+0
CSI — DCMDL X(X,Y)
xrR a
XPTI a Y*T
CXPT a OCM*LX(XPTP ,XRTI )

• CS2 a CDEX~~(CX PT)
• C53 a CS 1~CS 1

C1PJM — CS2*!~~3XREAL a (X’aX ) — (‘ray ) — (ALIAL )
XIMIG — 2.D+0*X Y
CS’. a DCMPLX(XREAL,X1MAG)
CSS a CS4* C~4*CS4
CALL CROWED (CS5, CDEN3M , 5.0—1, 1, MCALL)
CRESLT • C’IUM/CDEN3”a DPEAL (C °E SLT)
‘4 a DIM*G(C~ .ESLTI
RETUR N
END

At a 1.250—i

T a  8.0+ 0

AL a 0.5

5a ll.79

y
~, 

= 2.3

- MMM~’M 24

LOSC 5

SUM — 1.931220.0

SU Nk 7.717050+0

TIME = 0.118070+ 0

ANALYTICAL a 1.831220+0

• I-

Li 
169

-~~~~~ ~•-- — —----j- — — -- •-~~~~— - -.~ --•



~
• • • — - ‘

~ 
-

_ _  _  _  _  _- •

Case 78
• —1 r.—.~. 

—

~ 
— ~~~~~~

SUBROUTINE VALUE IX, Y, 1 AL, U, V MMMMM 44CA LL)
C THI S IS TABLE ENTRY ‘IUM8E~ B i OF LAbLA CE T~ ANSFORNS BY SPIEGEL

~~~~DIMENSI ON ‘ ICALL(S)
M M M M M  a MMMMM +
ZERO a 0.0+0
CSL a DC MDLX (X,Y)• CSZ — DCM~ LX(AL,ZERO)

- 
• C53 a —C$2/CSI• X P R a X * T

XPT I a• CXPT a OCMPLXLXPTR X°TII
CHUM a CDEX P(C$.~)*(~OEXP ( CX PT )
CALL CPCW ER (CS1,C& E9 1M,5.D~ I,1,NC~ L L i
CRESL’ a
U a DREALICRESLI)• a DIMAG (CRESLTI
R ETURN
END

AL = 1.25D-l

• T a 8 . D +0
- 

AA O.2 -

• 

-

ya2 . 2

MMMMM — 23

LOSC a 5
SUM a —8.~ 0O93D-2

• SUMA a le .47194D_ 1
• 

• TIME a 0.961480—1

ANALYTICAL a -8.300930-2
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— ___

SUB~ OUTI’1E VA LUE IX, y, T, A L, U, V, MMMMM, NCALL)
C THIS IS TABLE ENT RY ~1UMBER 82 OF LAPLACE TRANSFORMS BY SPIEGEL

- 1~ U~~ x L B t~Th.O
~~DIMENSION MCALLI5I

MMMM’4 a MMMMM I 1
7ERO a 0.0+0
~S1 

a DCMPLX (X,Y)
52 a DCMD LX (AL,ZER3)• CS3 a —CSZICSI

XPTR a
XPTI a VaT
~~~PT a OCMPLX (XPr R,XDII,

• CHiN • CDEXP (CS3 I*COEXP CX PT)
• CS’. — cS1*cS1*CS1

CALL CROWER 4C54,CCENOM ,5.D— i,i,NCALL )
CRESLT a NUMICDEMOM
U a DREAL(C°ESLTI

~ETUR4MAG(CRESL I
END •

— - — — . -  -

• 4

-

~~~ — 

I

AL a 1.250—i
• T a 8 . D + 0

LA a 0.2

X,a _ie.64

Y~~~a 2.2

MMMMM a 23

• LOSC a 5

SUM a 1.451030+0

su~~ a 1.826760+0
TIME a 0.100180+0

ANALYTICAL a i.45i030+0

171 -
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Case 80
~~~

.j [.
~
. 

a>..
i]

SUBROUTINE VALUE IX, Y, I, AL, ‘1°CW E~ , U, V. MMMMM , ‘4CALL )
C THIS IS TABLE ENTRY NUMBER 83 OF LAPLACE TRAMSP~RMS BY SPIEGEL

• IMPLIC IT RE&L*8 (A,3,0—H,3—Z )
IMPLICIT COM~ LEX~ i6 (Cl

• DIMENSION t .4CALL ( 5)
MMMMM a MM MMM 4 1
ZERO a 0. 0+0

CSI DCMPLXI X,Y)
CS2 a DCMPLX (AL,ZERO)
XPTR a XII
~PTf 

a
CXV’ a OCMDLX (X~Tq,XP I)
CNUM • COEXP(CS3)*COEXP(CXP’)
COE’fl’~ 

a CSIS*( NPOW EP + 1)
CRESL’ — CN(JP&CDENOM
U a )R EA L ( CR E SL T)
v a DIMIG (CR ESLT)
RETURN
END

AL a 1.25D—1

NPOWER a 3
T a  8.0+ 0

A A aO .3

Xp a_ 4 .l i

yp a 2.I.

MMMMM 22

L O S C a 4

SUM a 6.601890+1

• SUNk a 6.601890+1

TIME — 6.97580—i

ANALYTICAL - 6.60189D+1
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Case 81.
• -

~ r.
-.

~i —

- I .

~~~~~~~~~~~~~~~~~~~~~~~~ 
‘ 

~~~~~~~~~~~~~~~~~ BY SP I EGEL

ION C?CA~~~~5~
6 

~ 
~~~~~ ~~n

MNMMM a ‘4’4’IMN + 1
ZERO a 0.0+0

CS1 a DCMOLX (X,Y)
C~ 2 — OCMP LX(A L,ZERD)
XPIR •
Z R- I  • Y*T

~tt ~P
L
~~~ L~~~~~~~~~5.0_ i,t ,NC4 LL I

~~~~M a 2 D ~XP ( C53J*C0 EXR(cX PT )
CRE SLI a CM,JM/C.)E NOM

• 
• ~ : ~~~~~~~~~~~~R ETURN

• END

AL a 1.250-1

Ta 8.0+0
• 

AA aO.2

- X~ a -4.64

-~ Yp 2’2

a 23

• LO S C a 5
- 

SUM • 1.993740— 1

SUMA a 6.271411.4D_1 
• 

-

• TIME a 0.934700— 1

ANALYTICAL a 1.993714D-1
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Case 82.

1 

[
r] 

..L ~~.‘l4l

-

SUBROUTINE VALU E IX, Y, I, AL, U, V . MMMMM , MCALL)
C THIS IS TABLE ENTRY NUMBER 85 ‘F LAPLACE TRANSFORMS BY SPIEGEL

IMDLICIT ~ EAL*8 IA ,B,D—I1
,3—Z)

CIMPL EX*Lb (C i
DIMENSION NCALL (51
V4P4MM’4 a M’IMMM 4 1

ZERO a 0 .040
• C~ I 

a )CMPLX(X,Y )
C~2 

a DCMDLX (AL,ZERO )
XP TR a
XPTI a Y~~T

• tXPI a CCMPLX (XPT R X PT I )
CALL CPOWER (CS1,C~3,5.C i,l ,PlCA LLI
CS’. a —CSZ*CS3
CPESL’ — CDEX P(C~ 4 ) *C 0EX P( CX PT )
U a DREAL (C RESLII

- ‘4 a DTNAG(CRESLT)
RETURN
E ND

- A L a 1 .2 5D — 1  4

T 8.D+ 0

• 

A A a O . 2

X~~a -5.09

y~~ a 2.3 -

M~ 4f,I j 4 a 2 4

• LOSC 6
• 

- 
- 

SUM a 1.557610—3

• SUNk a 3.03773D—1

TIME a 0.101970+0

• ANALYTICAL a 1.557610—3

• 
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Case 83.
-L [
~

] f

SL5~3UTINE VALUE (X , Y ,  T, AL,  U, V ,  MMM MM, rICALL)
C THIS IS TAB LE EMT~ Y M JMBER 86 3F LAPLACE TRAN SFORMS BY SPIEGEL

IMPLiCIT SEAL*8 (A,B,O—H ,O—ZI
IMPLICIT OMPI.EX Io (C)
DIMENS ION ‘(CALL(S)
NMMMM a MMMMM 4 1

ZE RO a 0.0+0
Or~E 

a 1.0+0
CS1 a DCMPLX(X,Y)
CS2 DCIOLXLAL ,ZERI)
CS3 a 0CMPLX (ONE, Z~~O)X PTR a
XPTI a
CXPT a 0CM0LX (X0IR,XP~~I)CALL CPOWER (CS1,CS4,5.0—L,l,MCALL)
CHUM — (CS3 — C DEX P( CS2 * CS4 ) ) * COEX P(CXP T )
COENOM — CS1
CRE SIT a

a OR EAL(C~ ESLT )
- V a OZ MAGI C RESLT )

R ETUR N
END 

-

AL • 1.250- 1

T a 8 . D + O
- A A a O . 2  -

— -4.64 -

y~~~a 2.2

MIAIIMM a 2 3

H - L o s C a 5

SUM a 2.492980-2

SUNk a 8.0714800—2

TIME a 0.93]58D-1 •

ANALYTICAL a 2.49292D-2

- 
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- Case 84.

• 
—1 
[!

~~~~~~~~

] 

•rtc (./2’/ )

- SUBROUTINE VALUE IX , Y, T, AL, U, V. MMMMM , ‘ICAIL)
C THIS IS A8LE E~JT RY ‘(UMBER 87 ‘F LAPLACE TRANSFORMS BY SPIEGEL

IMPLICIT ~ EAL*B (A ,B , )—H ,O— Z )
- IMPLICIT C’~MPLEX*l* (C)• DIMENSION NCAL L(51

MMMMM — MMMMM • 1
ZER’ = 0.0+0

CSI a DCMPLX (X,Y)
CS2 a DCMP LX(AL,ZERO )
XPT R —
XPT( a

- CXPT — 0CMPLX (X PT~~,XPTI )
CALL CPOWE° (CS 1,,CS4,5.0—i,1,NCALL )
CMI II a CD EX P(— C S2* CS4) * CDEX P(CX PT )
COEPIOM a
CRESL’ a CMUM,CDE~1I3M
U a )R EA L(CR E SL T)
v a DIMAGICR ESLT )

• RETURN
EM!~

AL a 1.250—i

T a  8.0+0

k AA O. 2

• -

Yp 2.2

L MMMMM 23

• - LoscaS
- 

SUM a 9.750?OD—1

- • 
SUM = 1.35850D+O

- TIME a 0.996580-i

• ANALYTICAL = 9.75071D-1

•1 
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Case 85.

• 

- 

x -1 
[

~..~;;.v;] = ~~~~+.) .~t. (W~ +

SUBROuTIN E VALUE 4X, V . ‘ AL, RE, U, V MMMMM , ICALL )
C THI S IS TAB LE ENTRY NUMBE~ 88 OF LAPLACE TRANSFORMS BY SPIEGEL

IMPLICIT REAL*6 (A ,R,C— fi ,’3— ZI
• I MPLICIT COMPLEX*16 (Cl

DIMEMSIO~( ‘ICALL(51
MMMMM a MMMMM + 1

ZERO a 0.3+0
i ) CS1 a DCMPLX (X,Yi • -

CS2 — OCM PLX(AL ,ZERI I
XP T~ a XII
XPTI a VaT
CXPT a OCMDLX (XPTR,XRII)

• CS3 a DC’WLX(RE ZE~ -1)
CALL CP fl4ER ( C S i , C 5 4, 5.D— L, 1,’ICALLI
E
NUM a ~DEXp (_C32*C54)*C3EXp (CXpT )$5 — C 3 + CS’.C0EN~(M a CS4*CS 5

CRESL! — CNIJM/COE’IOM
a DREAL (CRF5LT)

v a OIMAG ICPE SLT )
R ETURN
END

• AL — 1.250—1

BE a 3.45740890604
- 

Ta8.fl+O

LA a 0.2

Xp a -4.64
a 2.2

MMMMM 23

LOSC a 5
SUM a 4.273750-1

SUNk 7.55750—1

TIME a 9.92940-2

ANALYTICAL • 4.273750-1

• 177
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Case 86.

• —~1. [
~ 

(~3~)] = 
I-I,

SLA~3UTI1E VA LUE (X,Y ,! AL,BE,U V,~~ MMM NCALL MCALLI
C TI~IR IS TAR LE ENTRY MUM4E~ 90 ‘~~ LADLAC & TRAM~ F~1PMS BY SPIEGELIMPCTCTT REAL *8 (A,8,Q—M,O—Zl

IMPLICIT OMPLEX* lo IC)
DIMENSION NCA LL(5),  MCA LL(5 1

a M~~~P4 4 •
ZER3 a
CS). a DCMDL X (X,Yi
CS2 a DCMOLX (AI.,ZEROI
CS3 • DCMPLX( BE,ZERO)
XPTR
xPrI a

• CXPT — C)CMPLX (XPIR,*PT!)
• CS’.-  C~ 1 + CS2

- CU a ~ 51 + CS3
• CSB a CS’./CS5

CALL CLOG (CSb CS7 I MCALL)
CRESL T -

~~ CS 7*C~ EXP (t!XPf)u a DREAL (C RESLT)
‘4 a DIMAG(CRESLT )
RETURN

- END

“9

H - A L a 1 .25D-1

35—2.50-1

Ta8.D+0

AL a 0.2

- Xp a _1$.2i

- yp a 2.l

MBU4I4M — 2 2

L O S C a 5

SUM • ~2.90680D-2

• SUNk a 1.01743D-I.

TIME a 7.00960-2

ANALYTICAL a -2.906800-2
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h - Case 87. 
-

• - 

- 

~~~~~ [!!~
,.1v.h1 — 

~~~ 1.4)

SUBI1UT IME VALUE IX , Y, I, A L,  U, V . MNMM4, MCALLIC THIS IS TABLE ENT RY NUMBER 91 IF LAPLACE TRANSFORMS BY SPIEGEL• IMPLI IT PEA L*$ (A , 3  D—H, 1—Z)IMPLICIT CO IPL EXaIo 1C)
DIMENSION MCAL L (51

- MMM I’4 a MMMMM . IZERO = 0.0+0
CS1 DCMDLX (X,Y)
CS2 a DC!4PLX(AL ZERO)
CS3 a ( (~~ ).*~~).~ + (CSZ ’C52 l)/ ICS2*C52)• XPTR a X * T

- XPTI a v ar
CXPT a DCMPLX (XPTR,XPTIJ
CALL LOS (CS3 , CS’., 1. MCALL)CNI~4 a CS4*CDEXP (CXPT)a DCMPLX (2.O,O,ZERO,
CRE SLT a CHUM/ CS5*CS1)

a DREAL (C RESLT I
V a DIMAG (CRESLTI
RETURN
END

AL a 1.250-1

Ta8.D+0

AA aO .2

Xp a .5.09

• ~ 4f4tJ~~a 2 4

LOSCa5

SUM -3.374040—1

• SUMA • 1.276030+0

TIME • 8.8244D-2

• 

- 

ANALYTICAL - -3.374040-1
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Case 88.

- —i. 
[i. 

t~. ~ .ws
] 

= El .4) 
- 

-
•

SUBROUT INE VALUE LX, V . I, AL, U, V, MMMMM, MCA LL)
• C THIS IS TABLE ENT RY NUNRER 92 OF LAPLACE TRANSFORMS BY SPIEGEL

IMPLICIT R EAL SB (A,B,O— i,~ —Z)IMPLICIT COMPLEX*1b (Cl
DIME NSION MCAU. (5)
NMMMM a MMMMM 4
ZERO a

a DCMRLX (X,Y)• 
~S2 — DCMPLX (AL , ZERO)

a 1C9 + CSZI I’CS2

XPTI a
XPT a OC MPLX(X PTR,X PT I )

CL2
~~~~~~~~~~cX

4&T l~ 
CA LL)

RESL T a CNUM/CSI
U a DPEA L(C PESLT I
V a OIMAG (CRESLT)
RETURN
END

- 

AL a 1.250—1

~ 
a 8.0+0

AL • 0.2

X~~ a -5.09

MMMMM 24

• L O S C a 5

SUM • 2.19384D-1
- 

SUM a 1.550940+0

TIME a 7.21240—2

ANALYTICAL • 2.193840-1

_ _ _ _ _ _ _ _ _ _  
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case 89 • -

-

. 

- - 
y a E ~~~~~’ ,fl1$.-.

SUBRO’JTIME VALUE IX, Y, T, AL, U, V. MMMMM, MCALLJ
C THIS IS TABLE ENTRY NUMBER 96 OF LA PLACE TRANSFORMS BY SPIEGEL

IMPLICIT RE’~L*8 iA,B~ 3— H,O-Z)IMPLICI’ COMPLEX*16 C)
• DIMENSION UCALL (5 )

• M M M M M a MMMMM + 1
ZERO a 0.0.0

1, MCA LL)
a X*TXP.TI a

CXPI — ~~MDLX (X pTR .X pTI)CMJM * C~2*COcXP (CX PT I
CRESL I a CHUM/CS) .

a DREAL(C* ESLT I
• 

• v a ~ ( MAG(CRESLTI -

RETUR N
END

AL — 1.25D— i

Ta8.D+0

• AA O.2

- 
• —5.09

MMMMM a 24

LOSC 5

• SUM a -2.6566~D+o

SUNk — 2.806060+0

• TI~~~ — 7.78180—2
- 

ANALYTICAL a -2.656660+0

I 

-
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• Case 90.
• X hI~l =

• 
- - L J ~~a = .1772156. - -

/
/

• SU8Q~ UTIME VALUE IX, y, T. AL, U, V ,  ‘4MMMM, MCALU
• C THIS IS TABLE ENTRY N (JMBER fl flF LA~LACE TRAN SFORMS BY SPIEGEL

~~~~DIMEN!IO’I MCALL (51• MMMMM a MM IMM 4- 1
ZERO —
CSI a DCMPLX (X,Y) -

XPTR * X*T
• 

• XPT I a
a DC MPLX (X PT R,X PTI )

?~ALL CL~’G (CS)., CSZ, 1, M ALL )
CMJM a CS2*C52*CDEXP(CXDT I
CRESLI a C(IUM/CSL
U — DREA L ICRES IT)
V a DI MAG(C RESLTJ

~~~URN

AL a 1.250-1

a 8.0+0

- AA a O.2

a .5.09

y~ — 2.3

MNJOIM a 24

- LOSC 4

SUM — 5.1112890+0

SUM a 5.4311470+0

TIME a 7.73760— 2

ANALYTICAL a 5.412890+0

~L ~~~~~~~~~~~~~~~~~~~~~~~~~~~ • 
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Case 91.

• ________ = - f y (~t)

SUBPOU’INE VALU E (X,Y T,AL RE U V MMMMM MCALL ,MCALL)
C THIS IS TA BLE ENTRY ~h R4I~E ~~~ ~O8ERT~ AND KAUF M AN

IMPLICIT cE~L*8 (4,~~,D— H,~ —Z )IMPLICI COMPLEX*L6 (Cl
D IMENSI flN PICALI_(5), ‘CALL (S)
MMMMM a IIM4MU + L
ER0 a 0.0+0
Si a OC MP LX (X ,Y )

~ St a  DCMDLXIAL ,ZER )1
XPT~ 

a
XPTI a
CXP1 —
CS3 a ((CS1*C S).) • tCS2~ CS2 ) )
CALL CPOW !R (CS 3 COENOM,5.0 1,I,MCALLI
çs’. a (COENOM • 7Si1 /CS 2
I. ALL CLOG (CS4, CS5,_ L, ‘CALL )
CMJM a CS5*CD~X°(CX~ I
CRESL’ a CP&,M/COENOM

a )REM (CRESLT)
V — DIMAG (CRESLTI
RE’URN
END

A L a 1 .2 5 D — ]

p — 8.0+0

• AA O.3

-4.99

77~~~~~2 .3

• MNDIMM 24

L O S Ca S

SUM a -1.386340-1

SUNk a 3.9227110+0

TIME a 3..2126D+0

ANALYTICAL a -1.386340-1

i. .) 
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Case 92.

‘ 

= ~~H~(at)

- -

This is known as the Struve function. See ref. (1),
page 496.

• • 
SUBROUT INE VALUE (X , Y , T , AL ,~~~~~~ ,U, V. MM MM M ,NCA L L , MCA L L )

C ‘HiS IS ‘AR LE EN RY E12 PAGE 264 R1RERTS AND K AUFM AN —•• IMPLICIT ~ EA L*d (a,3,O— ~4,O— Z)IMPLICIT C~~ eLEX ’4- 16 (C I
DIME 4~ ION ICALLI5), M~~ LL(5)MMMMM a MM NMM • I.

a .0.0
a O2 MPLX IX,Y )  •C$2 a

X PTR -
YPT a~~~*Ex~4 — OCMPLX (XPIR,XPTZ)
CS3 a ( iCe  1*CS1) • (CSZ4-CSZ))• CALL CPOWE F. (C53 1 COE NO~ ,5.O—L ,I,NCALLj

• C54 a ICDE N~
M •

CALL CL’~G IC.!4,C,,,1,M~ 8LL )
CHUM — CS5 a~DExP CX2T)

I CRESLT a CrIUM,COE 1ON
U a DRE AL (C~ E SL I
V a DIMA G ( C RES LT)

• R ETJRM
END

AL • 1.25D-1

P —

• A A a O . 3

YpI — 2.2

LO S C a 4

SUM 8.932le4D-1

SUNk a 9.279600-1

• TIM! • 1.13)110—1

ANALYTICAL a 8.9321140_i
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=

SUSR~~ U1Z2IE VALUE (X,Y,T,AL,U,V, MMMMM )C THIS IS TAMLE !‘4T*V NUMBER 139 ~‘F LAPLACE TRANSFORMS BY SPIEGE L
- 1~~Jl~1~ Ak*I iUa(~

_H.O_zl
NMNM a M’IMMM • ICS a DCMPLX (X,Y)
X PT R —

• xp11 a 
~~
S(t—aj

PT a OCMa 9,XPTR XPTI)~ ~s~~~~~~~~rh~cs

• 
f~~

J N

I

AL a 1.250-i
a 8.06250+0

- 

AA O.2

a -4.64

YpI 
a 2.2

• MM I O I M a 2 3

LOSC a 5
STJT4 a 1.000000+ 0

- 
- 

SUNk a 1.416820+0

TIME a 6.05540-2

ANALYTICAL a 1.000000+0

I ’
• -

-— 
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Case 94 - 
- -

-
~~. 

[ 
.-

~
] = ~ [~

]

SUBROUTINE VALU E IX ,Y,T,AL,U,V,MNMMM )
C THIS TRANSF ORM WAS TAKEN FROM ROBERTS AND KAUFMAN

IMPLICIT °EAL*8 I A—H,0—Z)
N~MMM a MMMMM s- I

4 T EN! a —1. D+ 0 *AL *AL aX?EM~ a AL*At.*YTEM~ a 4.O+ C* ( (X *XJ  + (Y*Y11
TEM4 a TEN
T EMS a TEM2 /1EM3
TEM6 a DEXPrTEM4 *OCOSUr EMc
tEN? a DEX °(TE M4)4’OSIN(T EM5)
TEMB a LTEM6*X) + (‘E~’7*Y)TEM9 a IJEM7*X) — (TEM6~ YI

- ;  ‘EMI3 a (X*X ) + ( YtY )
TEN).). a TEMB/TEMLO
TEM12 a TEM 9,~TEM10TEM).3 a DEXP(XSTI*OCOS (Y*’J
TEN).’. a DEXP (X*T)*OSLN(Y*’)
U a (TEML3*TEMI1I — (TEML4*T!M121S y a (TEMI4*’EM).I) + (TEML3*’EML2 I
RETURN
END

AL a 2.50—1

a 1.60+1

AL a 0.2

a .3.04

• 1.8
5 

MMMMM 19

LOSC.8

SUM — 7.651980—1

SUNk a 3.985730+0

• 
• TIME a 6.3648D-2

- ANALYTICAL a 7.65198D—i

186 
•

__ _ ____._-~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~_~~~~•__ _S•___ _ • ~~ ~~~~~~~~~~~~~~~~~~ -- . • •  • •



5- - -—— ~~-‘-—-•- — -- ---5 -• —55-- ~~~~~~~~~ -~~ S.S.r~~~ ,,S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •55~~•~~
- 

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - — —  • - • • •- -  • • -

•

~ 

I

H Case g~

-1 

[
~ 
[
~
] 

~~~ 
= I- -

AND KAUFMAN

1~U~F~ Cfl$LE X * 1~~~~i C ) ’
NMMMN a MMMMM + 1.
ZERO a 0.0+0
CS! a DCMPLX (X,Y)
CS2 a DCMPLX (AL,ZE RO J

~U: U1;~~XP,R a
a

CXP1 a DC NPLX(X PT R,XPT I)
CHUM a CS3*CS3*CIEXP (CX PT)
COENOM a C31*CS4*C54
CRESL a CP-*JM/COEMOM

• 
•

RE1JRN
H END

AL a 1.250—1

Ta 8j~-pO

LIL a 0.2

a .4.64

• y~~~a 2.2

• IQIUIU4MaZ 3

L O S C a 5

SUM — -4.715180-1

• SUNk a 5.068640-1

TIME a 6.91~6D-2

ANALYTICAL a -4.715180-1
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